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A quick recap D10-S02(a)

For Markowitz 2-security portfolio optimization:

– Return rates R for the two securities are random variables

– Assume first- and second-order statistics of these are available: µ “ R and A “ CovpRq
– The portfolio is defined by the weights w

– The expected return rate of the portfolio is µP “ xµ,wy
– The squared risk of the portfolio is �2

P “ Var xR,wy “ wTAw

– Generally, no optimization is needed for 2-security portfolios: the weight constraints uniquely identify portfolios

– Many risk-optimal portfolios are not efficient

– The set of risk-optimal portfolios can be explicitly parameterized + plotted

– There is a global variance-minimizing portfolio – it’s possible investors might not want this portfolio.

– The efficient frontier can be “easily” identified.

A. Narayan (U. Utah – Math/SCI) Math 5760/6890: N-security Markowitz Portfolios



A quick recap D10-S02(b)

For Markowitz 2-security portfolio optimization:

– Return rates R for the two securities are random variables

– Assume first- and second-order statistics of these are available: µ “ R and A “ CovpRq
– The portfolio is defined by the weights w

– The expected return rate of the portfolio is µP “ xµ,wy
– The squared risk of the portfolio is �2

P “ Var xR,wy “ wTAw

– Generally, no optimization is needed for 2-security portfolios: the weight constraints uniquely identify portfolios

– Many risk-optimal portfolios are not efficient

– The set of risk-optimal portfolios can be explicitly parameterized + plotted

– There is a global variance-minimizing portfolio – it’s possible investors might not want this portfolio.

– The efficient frontier can be “easily” identified.
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The N -security Markowitz portfolio D10-S03(a)

We now consider the risk-minimization problem for an N -security portfolio:

min
w

wTAw subject to xw,1y “ 1, and

xw,µy “ µP .

– The constraints are the same: we enforce w is a valid portfolio weight, and that the portfolio has expected

return rate µP .

– Just like before, we will see that risk-optimal portfolios need not be efficient ones.

– We make assumptions that are, by now, commonplace:

§ A is positive-definite
§ µ is not parallel to 1
§ We allow short selling
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The N -security Markowitz portfolio D10-S03(b)

We now consider the risk-minimization problem for an N -security portfolio:

min
w

wTAw subject to xw,1y “ 1, and

xw,µy “ µP .

– The constraints are the same: we enforce w is a valid portfolio weight, and that the portfolio has expected

return rate µP .

– Just like before, we will see that risk-optimal portfolios need not be efficient ones.

– We make assumptions that are, by now, commonplace:

§ A is positive-definite
§ µ is not parallel to 1
§ We allow short selling
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Computing the risk-optimal portfolio D10-S04(a)

min
w

wTAw subject to xw,1y “ 1, and

xw,µy “ µP .

We assume A is positive-definite and µ is not parallel to 1.

Unlike the 2-security case, we have a real optimization problem: the two linear constraints are not sufficient to

uniquely characterize a vector with 3 or more entries.

To solve this constrained optimization problem, we’ll use (+recall) Lagrange multipliers.
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An explicit result D10-S05(a)
Define some auxilliary quantities:

¨

˝
a
b
c

˛

‚“
¨

˝
1TA´11
1TA´1µ
µTA´1µ

˛

‚,

v0 “ cA´11 ´ bA´1µ

ac ´ b2
P N , v1 “ ´bA´11 ` aA´1µ

ac ´ b2
P N .

Theorem
Consider the N -security Markowitz portfolio with our assumptions. Then:

– The unique risk-optimal portfolio with expected return rate µP is w “ v0 ` µP v1.
– The set of risk-optimal portfolios is a parametric curve in the p�P , µP q plane, given by,

�2
P

�2
G

` pµP ´ µGq2
d2

“ 1.

– The global risk-minimizing portfolio has coordinates p�G, µGq given by

�2
G “ vT

0 Av0 ´ pvT
0 Av1q2
vT
1 Av1

, µG “ ´vT
0 Av1

vT
1 Av1

.
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An explicit result D10-S05(b)
Define some auxilliary quantities:

¨

˝
a
b
c

˛

‚“
¨

˝
1TA´11
1TA´1µ
µTA´1µ

˛

‚,

v0 “ cA´11 ´ bA´1µ

ac ´ b2
P N , v1 “ ´bA´11 ` aA´1µ

ac ´ b2
P N .

Theorem
Consider the N -security Markowitz portfolio with our assumptions. Then:

– The unique risk-optimal portfolio with expected return rate µP is w “ v0 ` µP v1.
– The set of risk-optimal portfolios is a parametric curve in the p�P , µP q plane, given by,

�2
P

�2
G

` pµP ´ µGq2
d2

“ 1.

– The global risk-minimizing portfolio has coordinates p�G, µGq given by

�2
G “ vT

0 Av0 ´ pvT
0 Av1q2
vT
1 Av1

, µG “ ´vT
0 Av1

vT
1 Av1

.
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The efficient frontier D10-S06(a)

As with the 2-security case, the efficient frontier corresponds to the portfolios on the “upper half” of the

risk-minimizing hyperbola.

I.e., a risk-minimizing portfolio with coordinates p�P , µP q is efficient if µP • µG.

In the N -security case, there are many more feasible portfolios than simply the risk-optimal ones.

In particular, the region of feasible portfolios in the p�P , µP q plane is the region contained within the hyperbola.

This region of feasible portfolios is called the Markowitz bullet, with the risk-optimal portfolios forming the bullet

boundary, the efficient frontier the upper part of this boundary, and the global risk-minimizing portfolio the tip of the

bullet.
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The efficient frontier D10-S06(b)

As with the 2-security case, the efficient frontier corresponds to the portfolios on the “upper half” of the

risk-minimizing hyperbola.

I.e., a risk-minimizing portfolio with coordinates p�P , µP q is efficient if µP • µG.

In the N -security case, there are many more feasible portfolios than simply the risk-optimal ones.

In particular, the region of feasible portfolios in the p�P , µP q plane is the region contained within the hyperbola.

This region of feasible portfolios is called the Markowitz bullet, with the risk-optimal portfolios forming the bullet

boundary, the efficient frontier the upper part of this boundary, and the global risk-minimizing portfolio the tip of the

bullet.
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The efficient frontier D10-S06(c)

As with the 2-security case, the efficient frontier corresponds to the portfolios on the “upper half” of the

risk-minimizing hyperbola.

I.e., a risk-minimizing portfolio with coordinates p�P , µP q is efficient if µP • µG.

In the N -security case, there are many more feasible portfolios than simply the risk-optimal ones.

In particular, the region of feasible portfolios in the p�P , µP q plane is the region contained within the hyperbola.

This region of feasible portfolios is called the Markowitz bullet, with the risk-optimal portfolios forming the bullet

boundary, the efficient frontier the upper part of this boundary, and the global risk-minimizing portfolio the tip of the

bullet.
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Portfolios without short selling D10-S07(a)

Efficient portfolios can correspond to substantially leveraged portfolios.

What if we disallow short selling? Things get kind of complicated.

min
w

wTAw subject to xw,1y “ 1, and

xw,µy “ µP , and
wi • 0, i “ 1, 2, . . . , N.

This is an inequality-constrained optimization problem.

The method of Lagrange multipliers can no longer handle this problem. (We need instead the Karush-Kuhn-Tucker
conditions.)

Typically we rely on numerical software to solve this problem, but generically the solution set is some subset of the

Markowitz bullet, with the efficient frontier a subset of the bullet boundary.
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Portfolios without short selling D10-S07(b)

Efficient portfolios can correspond to substantially leveraged portfolios.

What if we disallow short selling? Things get kind of complicated.

min
w

wTAw subject to xw,1y “ 1, and

xw,µy “ µP , and
wi • 0, i “ 1, 2, . . . , N.

This is an inequality-constrained optimization problem.

The method of Lagrange multipliers can no longer handle this problem. (We need instead the Karush-Kuhn-Tucker
conditions.)

Typically we rely on numerical software to solve this problem, but generically the solution set is some subset of the

Markowitz bullet, with the efficient frontier a subset of the bullet boundary.
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Portfolios without short selling D10-S07(c)

Efficient portfolios can correspond to substantially leveraged portfolios.

What if we disallow short selling? Things get kind of complicated.

min
w

wTAw subject to xw,1y “ 1, and

xw,µy “ µP , and
wi • 0, i “ 1, 2, . . . , N.

This is an inequality-constrained optimization problem.

The method of Lagrange multipliers can no longer handle this problem. (We need instead the Karush-Kuhn-Tucker
conditions.)

Typically we rely on numerical software to solve this problem, but generically the solution set is some subset of the

Markowitz bullet, with the efficient frontier a subset of the bullet boundary.
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