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Direct methods

We have previously discssed direct methods, i.e., methods that
— orthogonalize vectors
— solve linear systems
— compute eigenvalues

assuming that operations like @ — Ax are efficiently computable.
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Direct methods D10-S02(b)

We have previously discssed direct methods, i.e., methods that
— orthogonalize vectors
— solve linear systems
— compute eigenvalues
assuming that operations like @ — Ax are efficiently computable.

. 6106 .
For very large matrices, e.g., A € C*® ¥ such procedures are not practical.
For such large matrices of general type, there is not much that can be done.

But in practice, matrices are sparse, having a reasonably small percentage of nonzero entries.

Dense matrix

10% density

1% densiy 0.2% density
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Direct methods and sparse matrices D10-503(a)

Sparse matrices arise frequently in applications.
This is fortunate since fundamental operations like « — Az are very efficient for sparse matrices.

Unfortunately, direct methods operating on sparse matrix frequently result in dense matrices:
— QR factorizations
— LU factorizations
— Eigenvalue algorithms (e.g., for computing eigenvectors)

Even just storing such matrices can be impossible in practice.
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Iterative methods D10-S04(a)

In contrast to direct methods, iterative methods produce answers that gradually approach the solution,
performing only operations that generally don't require large dense matrices.

There are two major problems that iterative methods often attempt to address:
— Solve linear systems

— Compute eigenvalues/eigenvectors
We'll briefly discuss the general ideas for the first class of problems.
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Themes of iterative methods D10-S05(a)

Ax =0b

Many iterative methods focus on ensuring the following properties

— A sequence of solution approximations, xo, €1, @2, ... is constructed, with a new approximation
formed at every iteration.

— The update ¢y — @41 typically involves only efficient matrix-vector multiplications (e.g., exploiting
sparsity)

— The sequence {x} gradually approaches the solution as k 1 0.

— Termination is frequently judged by inspecting the residual | Az — b).
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Themes of iterative methods D10-S05(b)

Ax =0b

Many iterative methods focus on ensuring the following properties

— A sequence of solution approximations, xo, €1, @2, ... is constructed, with a new approximation
formed at every iteration.

— The update ¢y — @41 typically involves only efficient matrix-vector multiplications (e.g., exploiting
sparsity)

— The sequence {x} gradually approaches the solution as k 1 0.

— Termination is frequently judged by inspecting the residual | Az — b).
There are two classes of iterative methods we'll discuss:

— Stationary, fixed-point, or relaxation methods

— Krylov subspace methods
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Stationary iterative methods D10-S06(a)

Ax =0b

Stationary iterative methods (also “relaxation methods") are among the first types of iterative methods
developed.

The basic idea of stationary iterative methods is as follows: consider an additive decomposition of A:

A=B+C.
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Stationary iterative methods D10-S06(b)
Az =b

Stationary iterative methods (also “relaxation methods") are among the first types of iterative methods
developed.

The basic idea of stationary iterative methods is as follows: consider an additive decomposition of A:
A=B+C.
The assumption is that A is difficult to invert (if not, just solve the problem directly).
However, both B and C can be freely chosen. We write,
Az =b = Bxr=b-Cx.
And if we choose B to be “easily” invertible, then
t=A"b &= z2=B 'b-B 'Cz

This forms the basis for an iterative scheme.
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Stationary iterative methods, Il D10-S07(a)
Since,

Bx=b—Cx,
we propose the iterative scheme,

Bxp,1 =b— Cxy, k

vV
=

where x¢ is freely chosen.
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Stationary iterative methods, Il D10-S07(b)

Since,
Bx=b—Cx,
we propose the iterative scheme,

Bxp,1 =b— Cxy, k

vV
=

where x¢ is freely chosen.

This scheme is feasible if we choose B well so that iterating the above several times is computationally
tractable.

Of course, one suspects that choosing a “good” x( is at least computationally advantageous.
One practical metric we have for stopping is the residual, i.e.,
T = b— Awk,

Another is the difference in iterates,

|Tr+1 — Tk 2.
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Stationary iterative methods: Consistency D10-S08(a)

What can we say about iterative methods governed by general affine (linear + shift) mappings?

A general affine mapping between ) and @1 has the form,

Bmk+1 :d—ka, B,CECnxn, dECn,
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Stationary iterative methods: Consistency D10-S08(b)

What can we say about iterative methods governed by general affine (linear + shift) mappings?

A general affine mapping between ) and @1 has the form,
Bmk+1 :d—ka, B,CECnxn, dECn,

In order for the sequence xj to converge to the vector x defined by Az = b, we at least require
consistency, i.e.,

C+B-=A, d=b,

and hence our previous characterization of stationary iterative methods (requiring A = B + C) is
comprehensive.
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Stationary iterative methods: Consistency D10-508(c)

What can we say about iterative methods governed by general affine (linear + shift) mappings?

A general affine mapping between ) and @1 has the form,
Bwk+1 :d—ka, B,CECnxn, dECn,

In order for the sequence xj to converge to the vector x defined by Az = b, we at least require
consistency, i.e.,

C+B-=A, d=b,

and hence our previous characterization of stationary iterative methods (requiring A = B + C) is
comprehensive.

One tool to help understand convergence is to scrutinize the error:
ep = —xy
Using the form of our iterative scheme, some direct computations reveal:

-1
Aek =Tk, €L+1 = -B Ce;w
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Stationary iterative methods: Consistency D10-508(d)

What can we say about iterative methods governed by general affine (linear + shift) mappings?

A general affine mapping between ) and @1 has the form,
Bwk+1 :d—ka, B,CECnxn, dECn,

In order for the sequence xj to converge to the vector x defined by Az = b, we at least require
consistency, i.e.,

C+B-=A, d=b,

and hence our previous characterization of stationary iterative methods (requiring A = B + C) is
comprehensive.

One tool to help understand convergence is to scrutinize the error:
ep = —xy
Using the form of our iterative scheme, some direct computations reveal:
Aek =Tk, €L+1 = —.371616167

This suggests that one needs (B~'C)* — 0.
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Stationary iterative methods: Convergence D10-509(a)

Using all this information, we can very precisely characterize when stationary iterative methods converge.

Theorem

Suppose A = B + C € C"*" with A and B invertible. Let b e C" be given, and let  := A~'b. Then:
the iterative scheme with an arbitrary starting value &y € C" defined by,

Bxii1 = b— Cuxy, k=0,
satisfies limy_,c0 1, = x iff p(B™'C) < 1.

This completely characterizes the asymptotic performance of stationary iterative methods.
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Some choices D10-510(a)

Bxk+1=b—Ca:k, A=B+C.

Suppose that A = L + D + U, where
— L and U are the (strictly) lower- and upper-triangular portions of A, respectively,

— D is the diagonal portion of A.
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Some choices D10-S10(b)

Bxk+1=b—ka, A=B+C.

Suppose that A = L + D + U, where
— L and U are the (strictly) lower- and upper-triangular portions of A, respectively,
— D is the diagonal portion of A.
Many methods boil down to how B and C are chosen:
— Jacobi method: B=D,C =L+ U.
— Gauss-Seidel method: B=D + L, C =U.
— Successive over-relaxation method: B = éD +L, C= %D +U.

These methods have strong theory when applied to discretizations of Laplace’s equation.
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Krylov subspace methods D10-S11(a)

The second large class of methods are Krylov subspace methods.

First a definition: Let A € C™*™ and b€ C" be given. The Krylov subspace of order s, Ks(A,b) is
defined as,

K.(A,b) := span{b, Ab, A®b, ..., A° 'b}.

The dimension of this subspace can be as large as s, but can be smaller.
The dimension of this subspace can be as large as n, but no larger.
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Krylov subspace methods D10-S11(b)

The second large class of methods are Krylov subspace methods.

First a definition: Let A € C"*" and b e C" be given. The Krylov subspace of order s, Ks(A,b) is
defined as,

K.(A,b) := span{b, Ab, A®b, ..., A° 'b}.

The dimension of this subspace can be as large as s, but can be smaller.
The dimension of this subspace can be as large as n, but no larger.

The class of Krylov subspace methods are iterative, and for a given order k and initial guess xq, implicitly
solve optimization problems of the form,

f(y, A,b).

min
yewo+Ks(A,b)

While they solve these types of problems, the goal is typically to write algorithms that don’t explicitly
appeal to this optimization problem directly.
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The conjugate gradient method D10-512(a)

Let A € C"*" be Hermitian and positive semi-definite, and let b, o € C". The Conjugate Gradient (CG)
method forms a sequence of iterates given by,

. %
TK = min —x)"Aly — o),
£ eno i an¥ TP AV~ )

where x is the exact solution satisfying Az = b.
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The conjugate gradient method D10-512(b)

Let A € C"*" be Hermitian and positive semi-definite, and let b, o € C". The Conjugate Gradient (CG)
method forms a sequence of iterates given by,

. %
TK = min —x)"Aly — o),
£ eno i an¥ TP AV~ )

where x is the exact solution satisfying Az = b.
As usual, the optimization problem isn't solved directly. Instead, one iteratively computes,
Tpt1 = Tk + APy, ar€R, p,eC",

where ar and p, must be chosen.
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The conjugate gradient method

D10-512(c)

Let A € C"*™ be Hermitian and positive semi-definite, and let b, zo € C". The Conjugate Gradient (CG)

method forms a sequence of iterates given by,

. %
TK = min —x)"Aly — o),
£ eno i an¥ TP AV~ )

where x is the exact solution satisfying Az = b.

As usual, the optimization problem isn't solved directly. Instead, one iteratively computes,
Tyl = Tk + QxPy, ar€R, p,eC",

where ar and p, must be chosen.

Note that @y € ©o + Kr+1(A,b), and we require &1 € o + Ki11(A,b).

Therefore, the new direction p, should be chosen as something like A*b, and for stability should be

orthogonal to p;, j < k.
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CG's iteration D10-S13(a)

However, CG computes p,, using two clever realizations.
— Our minimization problem is a quadratic form involving the Hermitian semi-definite matrix A.
Therefore, “orthogonal”’ should be with respect to the quadratic form defined by A.

— Since x; € Ki(A,b), then Az € Kr1+1(A,b), and better yet the residual
TL = b— A:Ek € K}H,l(A,b).
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CG's iteration D10-S13(b)

However, CG computes p,. using two clever realizations.

— Our minimization problem is a quadratic form involving the Hermitian semi-definite matrix A.
Therefore, “orthogonal”’ should be with respect to the quadratic form defined by A.

— Since x; € Ki(A,b), then Az € Kr1+1(A,b), and better yet the residual
TL = b— A:Ek € K}H,l(A,b).

Using these properties, at each iteration, CG:

— Given x, p,, computes o by minimizing the quadratic objective on the line xx + axp, (this can be
done explicitly and easily)

— Computes Tp41 = Tk + Py,
— Computes 711 = b — A(xk + axpy) = Tk — 0 Ap,.

— Computes p; ;= Tk+1 + Brpy. (This implicitly enforces A-orthogonality.)
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Beyond CG D10-S14(a)

There are numerous other Krylov subspace algorithms. Two other popular ones are:

— The Minimum Residual (MINRES) method. If A is Hermitian (not necessarily definite), we solve the
problem,

T, = min |6 — Ayl2
yexo+ Ky (A,b)

Like CG, steps are explicit and involve updates of the form xy1 = x) + arpy.

Instructor: A. Narayan (UofU — Mathematics/SCI) Math 6610: Iterative methods



Beyond CG D10-S14(b)

There are numerous other Krylov subspace algorithms. Two other popular ones are:

— The Minimum Residual (MINRES) method. If A is Hermitian (not necessarily definite), we solve the
problem,

T, = min b — Ayl2
yexo+ Ky (A,b)
Like CG, steps are explicit and involve updates of the form xy1 = x) + arpy.

— The Generalized Minimum Residual (GMRES) method can be used for arbitrary invertible matrices
A e C™*". It again solves

|6 — Ayl

Ty = min
yexo+ K (A,b)
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Beyond CG D10-S14(c)

There are numerous other Krylov subspace algorithms. Two other popular ones are:

The Minimum Residual (MINRES) method. If A is Hermitian (not necessarily definite), we solve the
problem,

T, = min |6 — Ayl2
yexo+ Ky (A,b)

Like CG, steps are explicit and involve updates of the form xy1 = x) + arpy.

The Generalized Minimum Residual (GMRES) method can be used for arbitrary invertible matrices
A e C™*". It again solves

|6 — Ayl

Ty = min
yexo+ K (A,b)
For both algorithms (and most Krylov subspace methods) a common convergence criterion is the size
of the residual (which is automatically computed during iteration).

All these algorithms can suffer numerical difficulties if A is ill-conditioned. In such cases a
preconditioner M is devised as an easily invertible matrix such that, e.g., M ' A has better
conditioning. Then one solves, e.g., M~ Ax = M~ 'b.
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