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Derivatives and rules D13-502(a)

We have several tools for computing derivatives:
= (eLf(@) + e29(x)) = er f'(2) + 29’ ()

- (f(x)g(x)) = f'(x)g(z) + f(z)d (x)
_ (f<:c>)’ _ f(@)g(@)—g (2)f(2)
9(z) g*(z)
— %x” = ng"!
— %sinaz = CcoS x, %COSQ? = —sinzx.

All these rules allow us to compute derivatives quite well.

There is one simple example that's still difficult for us.

Instructor: A. Narayan (University of Utah — Department of Mathematics) Math 1210: The Chain Rule



Derivatives and rules

We have several tools for computing derivatives:
= (eLf(@) + e29(x)) = er f'(2) + 29’ ()

- (f(z)g(x)) = f(x)g(x) + f(x)g ()
_ (f<:c>)’ _ f(@)g(@)—g (2)f(2)
9(z) g*(z)
— %x” = nz" 1
— %sinx = CcoS x, %COSQ? = —sinzx.

All these rules allow us to compute derivatives quite well.

There is one simple example that's still difficult for us.

Example

Compute the derivative of f(z) = (22 + 3)%.

D13-502(b)
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Composite functions D13-503(a)

The core challenge with the previous example is that f(z) was a composite function:
- .9
{y)- (k%g)y f(z) = g(k(z)), g(z) =2, k(z) = 2% +3

Note that both ¢’(x) and k'(z) are simple to compute, but f’ is not.

gl=wse K= 2640
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Composite functions D13-503(b)
The core challenge with the previous example is that f(x) was a composite function:

flz) = g(k(x)), g(x) = 2%, k(z) =2 +3
Note that both ¢’(x) and k'(z) are simple to compute, but f’ is not.

The tool we are missing is something that allows us to differentiate through function composition.

The Chain Rule will allow us to do this.
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Increments again

The chain rule idea can be motivated through increments.
Recall:

Fa) -t LGN )

h—0 h

where Af and Az are increments, h= (xeh)- %%
Af = f(z+h)— f(z),

D13-504(a)

Af

= lim ——

h—0 A.CU 7

Az = (x+h) —x.

Instructor: A. Narayan (University of Utah — Department of Mathematics)

Math 1210: The Chain Rule



Increments again D13-504(b)

The chain rule idea can be motivated through increments.
Recall:

) = L LT @) AT
T & ¥

where Af and Az are increments,
Af =f(x+h)— f(x), Az = (x+h) —x.
Of course the whole point is that differentiating f was hard, but differentiating g and k£ was easy.

We can introduce g and k£ by multiplying and dividing by another increment.

Te. whar is {'lx) in toms of g'[x) and ') ?
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Intuition through increments

(Recal | -/-\[x

(@) = lim 27
iy 9G4 ) — g(k ()
Y h—0 h
Ag pr’ gzhmgw@+h»—mum>Mx+m—kw>
AL Ay T L 0 k@) —k(@) h ]

k'(x) as h — 0

The second term would turn into the derivative of k.

What about the first term?

D13-505(a)

&/k//)
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Intuition through increments D13-S05(b)

(@) = lim 27
iy 9@ A1) = g(k(@))
h—0 h
iy 9@ 1) = g(k(z)) K(z + h) — k(z)
w0 k@t h) k(@) h

k'(x) as h — 0

The second term would turn into the derivative of k.

What about the first term?

. g(k(w + h)) o g(k(x)) « "o Ag 0
W k@ h) k(@) rsbag 9 @)

There is some new notation we haven't really seen before:

g'(k(z)) means the function ¢’ evaluated at k(x).
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The chain rule D13-506(a)
Putting things together:

o) oy gk b))~ g(h(x) ke h) —hx) o
il AR S ey / o (k(x))K (2)
nformally, we have
df Af Ag(k(z)) Ag Ak _dg dk
de Az Az Ak Az dk‘k:k(fc)a
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The chain rule D13-S06(b)
Putting things together:

(o) = fig DD OB EEEDZHE g o

Informally, we have

df Af Ag(k(z)) Ag Ak _ dg‘ dk
de = Az Ax T Ak Az dk'k=k@) dy

Formally, we have motivated the chain rule:

Theorem (The Chain Rule)
Given differentiable functions k(x) and g(x), suppose that f(x) = g(k(x)). Then:

This rule is nontrivial, but mastery allows you to differentiate almost any function you can write
down. (h)=2% Nflg) = %"
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Examples D13-507(a)

Example

Compute the derivative of f(z) = (22 + 3)%°.
(Ans: f'(x) = 90z(x? + 3)*1)

3(&): y‘rS & l)=4 %3 i
«F(y)fgfk (¥)) = 3()&3) = (x2%3)

Chain rule: (:’[,k)fﬂ'(kfy))- k'(x)
9'{"): YTy 4 k)= D x

)

1= ' (k) )= g (343) » 2= 45 (48) "
= ?02(()‘?43)"9

Instructor: A. Narayan (University of Utah — Department of Mathematics) Math 1210: The Chain Rule



Examples D13-S07(b)

Example

Compute the derivative of f(x) = sin(z?).
(Ans: f'(z) = 2z cos(2?).)

S{k)f Sinx kfy)= x*
Cly)- qkhe))

Chatn rufg: F /k)-j'[/((k k'ls)
'y )= (osy, k ') =2x

'l e g (fels)) k)= g'(x*] 2x = (os(4*)- 2= 2% co5(x2)
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Examples D13-S07(c)

Example

Compute the derivative of f(x) = tan? x.
(Ans: f'(z) = 4(tan® x)(sec? z).)

glx )= x" klel2 tan,

k)= g(k(k))N') Lly) = /(k[)c)) k'ly )

th )z by 3 . Y= cL _('my (%'XNWJA(? (_(MX)( =~Qiny
3/&) % x / k /sJ ot T )9,

= ox = L
Hldg k) K'le)= g'Ganx): 56 = § (dgny P s
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What £ ve dofing g{k)‘..‘.émxl kfk)?x"?
gkl tan (M= )tantx = L1
lgh) = (bome )T =F(u)

L'l)= ’('/gfx))‘ 3’[3()
N(X)Xg‘ (k()): k')



Examples D13-S07(d)

Example

12
Compute the derivative of g(t) = (%)

(Ans: g’(t) =12 (M)“ (4t3+3)(t2+1)—2t(t4+3t+2))

iee (t2+1)2

g(t)= h(kie) hle)= ¢ k(y)= L3t+2

]
hly= " k)= [*4807" G - Bigua)-
/_L'LJ_I)Q. ‘ ['LQH)’
= (9 (191D -(4%3442)- 24
[¢%1)*
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r
9’(% h'(kre))- k'le)
= (x| (D) (1 142 2
| (%) J

L‘f+2t+2 1T (ke 3)
/é’H) 243



Examples D13-507(e)

Example

Compute the derivative of ¢(s) = cos(sin s”) S 2 2
(Ans: ¢/(s) = —9s%(sin(sin s7))(cos s%).) U X ?( X

£l¢) = cosls) j[S):- in€?)
%(S)Z%(s)) = g’fs)f’@@)-ff&)
= - Qi ( cin(e?)) - j’/f)
%(s) cinls?) = h(kisd)  hic)=sms , kle)= ¢
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=) 3’/&)= h(KY)- k1) = por (%) 967

Cg'ls)T -Srh(gm(g‘?)).ﬂ'/_c )

== Sin(sia(s7) - cosls9)- 9c?

Here: kfe))
(g 7g0 £Ch (ki) - (e Te)

e

%}Stn){: j; \C(g(sd) ;o tld=onk j&)fy
’;\f’(ﬂ(x)) q'lx) Ch=easx g'ld=1
S ICURNE




The chain rule

The motivation for “chain rule” as a name can be understood as follows:

It f(z) = a(b(c(x))), where a, b, and ¢ are all differentiable, then,

f'(@) = ' (b(c(x))) - b'(c(x)) - (=),

D13-S08(a)

and one can imagine how this might work for an arbitrary number of function compositions by

chaining together individual derivatives.
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