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Derivatives and rules D13-S02(a)

We have several tools for computing derivatives:
– pc1fpxq ` c2gpxqq

1
“ c1f

1pxq ` c2g
1pxq

– pfpxqgpxqq
1

“ f 1pxqgpxq ` fpxqg1pxq

–
´

fpxq

gpxq

¯1

“
f 1

pxqgpxq´g1
pxqfpxq

g2pxq

– d
dxx

n “ nxn´1

– d
dx sinx “ cosx, d

dx cosx “ ´ sinx.
All these rules allow us to compute derivatives quite well.

There is one simple example that’s still difficult for us.

Example
Compute the derivative of fpxq “ px2 ` 3q45.
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Derivatives and rules D13-S02(b)

We have several tools for computing derivatives:
– pc1fpxq ` c2gpxqq

1
“ c1f

1pxq ` c2g
1pxq

– pfpxqgpxqq
1

“ f 1pxqgpxq ` fpxqg1pxq

–
´

fpxq

gpxq

¯1

“
f 1

pxqgpxq´g1
pxqfpxq

g2pxq

– d
dxx

n “ nxn´1

– d
dx sinx “ cosx, d

dx cosx “ ´ sinx.
All these rules allow us to compute derivatives quite well.

There is one simple example that’s still difficult for us.

Example
Compute the derivative of fpxq “ px2 ` 3q45.
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Composite functions D13-S03(a)

The core challenge with the previous example is that fpxq was a composite function:

fpxq “ gpkpxqq, gpxq “ x45, kpxq “ x2 ` 3

Note that both g1pxq and k1pxq are simple to compute, but f 1 is not.

The tool we are missing is something that allows us to differentiate through function composition.

The Chain Rule will allow us to do this.
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Composite functions D13-S03(b)

The core challenge with the previous example is that fpxq was a composite function:

fpxq “ gpkpxqq, gpxq “ x45, kpxq “ x2 ` 3

Note that both g1pxq and k1pxq are simple to compute, but f 1 is not.

The tool we are missing is something that allows us to differentiate through function composition.

The Chain Rule will allow us to do this.
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Increments again D13-S04(a)

The chain rule idea can be motivated through increments.
Recall:

f 1pxq “ lim
hÑ0

fpx ` hq ´ fpxq

h
“ lim

hÑ0

∆f

∆x
,

where ∆f and ∆x are increments,

∆f “ fpx ` hq ´ fpxq, ∆x “ px ` hq ´ x.

Of course the whole point is that differentiating f was hard, but differentiating g and k was easy.

We can introduce g and k by multiplying and dividing by another increment.
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Increments again D13-S04(b)

The chain rule idea can be motivated through increments.
Recall:

f 1pxq “ lim
hÑ0

fpx ` hq ´ fpxq

h
“ lim

hÑ0

∆f

∆x
,

where ∆f and ∆x are increments,

∆f “ fpx ` hq ´ fpxq, ∆x “ px ` hq ´ x.

Of course the whole point is that differentiating f was hard, but differentiating g and k was easy.

We can introduce g and k by multiplying and dividing by another increment.
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Intuition through increments D13-S05(a)

f 1pxq “ lim
hÑ0

∆f

∆x
,

“ lim
hÑ0

gpkpx ` hqq ´ gpkpxqq

h

“ lim
hÑ0

gpkpx ` hqq ´ gpkpxqq

kpx ` hq ´ kpxq

kpx ` hq ´ kpxq

h
looooooooomooooooooon

k1pxq as h Ñ 0

The second term would turn into the derivative of k.

What about the first term?

lim
hÑ0

gpkpx ` hqq ´ gpkpxqq

kpx ` hq ´ kpxq
“ “2 lim

hÑ0

∆g

∆k
“ g1pkpxqq

There is some new notation we haven’t really seen before:

g1pkpxqq means the function g1 evaluated at kpxq.
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Intuition through increments D13-S05(b)

f 1pxq “ lim
hÑ0

∆f

∆x
,

“ lim
hÑ0

gpkpx ` hqq ´ gpkpxqq

h

“ lim
hÑ0

gpkpx ` hqq ´ gpkpxqq

kpx ` hq ´ kpxq

kpx ` hq ´ kpxq

h
looooooooomooooooooon

k1pxq as h Ñ 0

The second term would turn into the derivative of k.

What about the first term?

lim
hÑ0

gpkpx ` hqq ´ gpkpxqq

kpx ` hq ´ kpxq
“ “2 lim

hÑ0

∆g

∆k
“ g1pkpxqq

There is some new notation we haven’t really seen before:

g1pkpxqq means the function g1 evaluated at kpxq.
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The chain rule D13-S06(a)
Putting things together:

f 1pxq “ lim
hÑ0

gpkpx ` hqq ´ gpkpxqq

kpx ` hq ´ kpxq

kpx ` hq ´ kpxq

h
“ g1pkpxqqk1pxq

Informally, we have

df

dx
«

∆f

∆x
“

∆gpkpxqq

∆x
“

∆g

∆k

∆k

∆x
«

dg

dk

ˇ

ˇ

k“kpxq

dk

dx

Formally, we have motivated the chain rule:

Theorem (The Chain Rule)

Given differentiable functions kpxq and gpxq, suppose that fpxq “ gpkpxqq. Then:

f 1pxq “ g1pkpxqq k1pxq

This rule is nontrivial, but mastery allows you to differentiate almost any function you can write
down.
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The chain rule D13-S06(b)
Putting things together:

f 1pxq “ lim
hÑ0

gpkpx ` hqq ´ gpkpxqq

kpx ` hq ´ kpxq

kpx ` hq ´ kpxq

h
“ g1pkpxqqk1pxq

Informally, we have

df

dx
«

∆f

∆x
“

∆gpkpxqq

∆x
“

∆g

∆k

∆k

∆x
«

dg

dk

ˇ

ˇ

k“kpxq

dk

dx

Formally, we have motivated the chain rule:

Theorem (The Chain Rule)

Given differentiable functions kpxq and gpxq, suppose that fpxq “ gpkpxqq. Then:

f 1pxq “ g1pkpxqq k1pxq

This rule is nontrivial, but mastery allows you to differentiate almost any function you can write
down.
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Examples D13-S07(a)

Example
Compute the derivative of fpxq “ px2 ` 3q45.
(Ans: f 1pxq “ 90xpx2 ` 3q44.)
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Examples D13-S07(b)

Example
Compute the derivative of fpxq “ sinpx2q.
(Ans: f 1pxq “ 2x cospx2q.)
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Examples D13-S07(c)

Example
Compute the derivative of fpxq “ tan4 x.
(Ans: f 1pxq “ 4ptan3 xqpsec2 xq.)
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Examples D13-S07(d)

Example

Compute the derivative of gptq “

´

t4`3t`2
t2`1

¯12

(Ans: g1ptq “ 12
´

t4`3t`2
t2`1

¯11
p4t3`3qpt2`1q´2tpt4`3t`2q

pt2`1q2
)
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Examples D13-S07(e)

Example
Compute the derivative of qpsq “ cospsin s9q

(Ans: q1psq “ ´9s8psinpsin s9qqpcos s9q.)
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The chain rule D13-S08(a)

The motivation for “chain rule” as a name can be understood as follows:

If fpxq “ apbpcpxqqq, where a, b, and c are all differentiable, then,

f 1pxq “ a1pbpcpxqqq ¨ b1pcpxqq ¨ c1pxq,

and one can imagine how this might work for an arbitrary number of function compositions by
chaining together individual derivatives.
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