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“Undoing” differentiation D25-502(a)

We've been discussing the task of differentiating or taking derivatives:
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and we've collected lots of rules and procedures for computing derivatives.
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“Undoing differentiation

We've been discussing the task of differentiating or taking derivatives:
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and we've collected lots of rules and procedures for computing derivatives.

D25-502(b)

Our next task will be to invert the differentiation process. (Just as subtraction inverts addition,

division inverts multiplication, etc.)

l.e., we will investigate the task of performing the operation:
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“Undoing” differentiation D25-502(c)

We've been discussing the task of differentiating or taking derivatives:

q d d
fa) s @) = Sy =

and we've collected lots of rules and procedures for computing derivatives.

Our next task will be to invert the differentiation process. (Just as subtraction inverts addition,
division inverts multiplication, etc.)

l.e., we will investigate the task of performing the operation:

“Ynvert” di
m N

() > f(x)

The task of inverting differentiation is called antidifferentiation or integration.

The function f is the antiderivative of f’.
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A first observation D25-503(a)
Recall: If two functions f and g are differentiable, then

f'(z) = ¢'(x) if and only if f(x) = g(z) + ¢,
for some constant c.

An immediate corollary: If f(z) is an(y) antiderivative of f, then f(x) + c is an(other)
antiderivative of f.

Instructor: A. Narayan (University of Utah — Department of Mathematics) Math 1210: Antiderivatives



A first observation D25-503(b)
Recall: If two functions f and g are differentiable, then

f'(z) = ¢'(x) if and only if f(x) = g(z) + ¢,
for some constant c.

An immediate corollary: If f(z) is an(y) antiderivative of f, then f(x) + c is an(other)
antiderivative of f.

Example (Example 3.8.1)

Find an antiderivative of f(z) = 423 on (—o0, ).
(Ans: F(z) = 2% or F(xz)=2*+ 1, or ...)

Fle)zy? =7 JF/«!}(: 1yt = F[x)) or Fly)=x"+T

o Fldzx%c for any Consfant c.
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"General” antiderivatives D25-S04(a)

If f is an antiderivative of f’, then so is f(x) + ¢ for any constant c.
In particular, f is an antiderivative since it's not unique.
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“General” antiderivatives D25-S04(b)

If f is an antiderivative of f’, then so is f(x) + ¢ for any constant c.
In particular, f is an antiderivative since it's not unique.

In addition, if f is an antiderivative of f’, then the only possible antiderivatives of f’ are of the
form f(x) + ¢ for some constant c.
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“General” antiderivatives D25-S04(c)

If f is an antiderivative of f’, then so is f(x) + ¢ for any constant c.
In particular, f is an antiderivative since it's not unique.

In addition, if f is an antiderivative of f’, then the only possible antiderivatives of f’ are of the
form f(x) + ¢ for some constant c.

For this reason, if f(x) is a(ny) antiderivative of f/(x), then we call f(x) + ¢ for arbitrary constant
¢ the general antiderivative of f’.

“General” is often omitted, and we simply say the antiderivative when referring to the general
antiderivative.
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Antiderivative notation D25-505(a)
The notation we use for the derivative of f is f/, or —f( ), or ﬂ
The notation we use for the antiderivative of f is,

ff gac(x)c/x — the “geneca!
anti Qorivedwe ©

ok )

NB: The “dz"” is not optional, just as the “dz" in £ is not optional!

) J-“xhlx
dF
dx
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Antiderivative notation D25-505(b)

The notation we use for the derivative of f is f’, or —f( ), or ﬂ.

The notation we use for the antiderivative of f is,

Jf(a:)daz

NB: The “dz"” is not optional, just as the “dz" in % is not optional!

The symbol "{" is an elongated/stylized s". It stands for “sum”, but we won't show why until later.
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Antiderivative notation D25-505(c)
The notation we use for the derivative of f is f/, or —f( ), or ﬂ.

The notation we use for the antiderivative of f is,

Jf(a:)da:

NB: The “dz"” is not optional, just as the “dz" in % is not optional!

The symbol "{" is an elongated/stylized s". It stands for “sum”, but we won't show why until later.
Terminology:

The operation —f differentiates f. The function f’ is the derivative of f.

The operation { f(x)dz antidifferentiates f. The function { f(z)dz is the antiderivative of f.

The operation { f(x)dz integrates f. The function { f(z)dx is the integral of f.

More, unmotivated, terminology: for Xf(a:)d:p, the function f(x) is the integrand, and the
resulting antiderivative is called the indefinite integral.
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The power rule, redux

D25-506(a)

Since we know how to take derivatives of certain functions, we also know how to take
antiderivatives of certain functions:

d

@3’)2 = 23’) <
d
@565 = 5ZU4 —

r

r

2xdr = 2° + ¢

5x%dr = 2° + ¢
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The power rule, redux D25-506(b)

Since we know how to take derivatives of certain functions, we also know how to take
antiderivatives of certain functions:

d , [

—x° =2r <= 2xdr = 22 + ¢
dx J

d r
— 2% =5t — 5x%dr = 2° + ¢
dx J

Hence, we have a power rule for integrals.
Theorem (Power rule)

If r is any rational number except —1, then

xr+1
Jazrda: = +c

r+1

NB: r = 0 is allowed. r = —1 is not allowed. (The power rule for derivatives never yields z7! as a
derivative.)
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Trigonometric functions and linearity D25-507(a)

Since we know derivatives of the sin and cos functions, we also know corresponding antiderivatives.

Theorem

We have {sinzdx = —cosz + ¢, and {coszdz = sinx + c.
d = 4, ..
Iy (0SX = -Gy dy SMk= WOLX

d
I (~cosx) = siny
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Trigonometric functions and linearity D25-507(b)

Since we know derivatives of the sin and cos functions, we also know corresponding antiderivatives.

Theorem

We have (sinzdz = —cosz + ¢, and {coszdz = sinz + c.

We also know that the derivative is linear, e.g., the derivative of a sum is the sum of derivatives.
As a result, antidifferentiation is also a linear operation.

Theorem

Suppose f and g have antiderivatives F' and G, respectively. Then for any constants ¢, and cs,

J(clf(x) + cog(x))dx = 1 F(x) + coG(x).
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Examples D25-508(a)

Example

Using linearity of the integral, evaluate

J(4x + 32") du, J (tlg - {”/%) dt, J(u2 — 4sinu) du
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A more general power rule, | D25-509(a)
Here's a trick that we can use to evaluate some relatively complicated integrals:

Note that by the chain rule,

i (x2 + 1)20 = 40x (:1;2 + 1)19.

dz
=20 (x4 9
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A more general power rule, | D25-S09(b)

Here's a trick that we can use to evaluate some relatively complicated integrals:
Note that by the chain rule,

%( 24 1) =40z (22 +1) .

Then by definition of the indefinite integral, we have,

fél()zc (z° + 1)19 dr = (z* +1)*° + ¢
N~

3(1{)

[v0x (xt)dy = (20 }x (4] = [ 20 %) Iy L)y
¢k =[gh)] "+
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A more general power rule, | D25-509(c)

Here's a trick that we can use to evaluate some relatively complicated integrals:
Note that by the chain rule,

% (372 + 1)20 = 40x (3;2 + 1)19.

Then by definition of the indefinite integral, we have,
f40£6 (z° + 1)19 dr = (z* +1)*° +c

We can generalize this idea with the chain and power rules: suppose g(x) is some differentiable
function, and r is any rational number. Then

%Q(a;)r =rg(z) g (z) < Jg(ﬂlf)r19/(35)0131j = %g(ﬂf)r +c

where r # (0 for the second expression.
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A more general power rule, I D25-510(a)

We can formally state this, replacing r with » + 1:

Theorem (“Generalized” power rule)

Suppose g is a differentiable function and r # —1 is a rational number. Then

Jg(a:)rg’(x)da; = % + c.
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A more general power rule, I D25-510(b)

We can formally state this, replacing r with » + 1:

Theorem (“Generalized” power rule)

Suppose g is a differentiable function and r # —1 is a rational number. Then

Jg(m)rg’(x)da: = % + c.

This rule requires some practice and comfort with derivatives to apply: one must be able to identify
g"(x) and ¢'(x) as expressions in the integrand.
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Examples D25-S11(a)

Example

Evaluate the following expressions:

J3m2 (5133 + 3)45 dz, f:c (53:2 + 13) o dz, @dx
'\_\/
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Examples D25-S11(b)

Example

Things can be kind of tricky. Evaluate:

J (ﬁjgg)l?dm, f (332 + 2) (a:g + 63:)5 dz
~—

(4)
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