Math 1210: Calculus |
The definite integral

Department of Mathematics, University of Utah

Spring 2025

Accompanying text: Varberg, Purcell, and Rigdon 2007, Section 4.2

Instructor: A. Narayan (University of Utah — Department of Mathematics) Math 1210: The definite integral



Area through polygonal sums D27-S502(a)

We have seen that area for curved regions can be computed by
1. approximating the region by a polygon formed from n rectangles
2. taking n 1 o0 in a limit
We had notions of inscribed versus circumscribed polygons, but the limits had the same value.
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Area through polygonal sums D27-S02(b)

We have seen that area for curved regions can be computed by
1. approximating the region by a polygon formed from n rectangles
2. taking n 1 o0 in a limit

We had notions of inscribed versus circumscribed polygons, but the limits had the same value.

For “most” functions of our interest, the choice of which point we evaluate the function at won't
matter.
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A Partition of |a, &] with Sample Points ¥,

For convenience, over the jth subinterval [x;_1, ], we let Z; denote some sample point inside
this intervalthat we use to construct the rectangle.

Instructor: A. Narayan (University of Utah — Department of Mathematics) Math 1210: The definite integral



Riemann sums D27-503(a)
With a partition

Aa=T)<X1 <To<- < Tp_1<x, =D>,

of the interval [a, b] into n subintervals, then, -F-Makm\j 2 Clmbl 1[0, XJ [n [}( 0, kJ"J

R = 2 f(z;) Az, Ax; == x; — T;—1,

is the Riemann sum for the function f corresponding to this partition.

A Riemann sum interpreted as
an algebraic sum of areas
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Figure 3
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Riemann sum example D27-S04(a)

Example

Evaluate the Riemann sum for f(z) = x + 1 on the interval [—1,2] using the equally spaced
partition points

q = —1<—05<0<05<1<15<2 =}

with the sample points x; being the midpoint of the ith subinterval.
Sum 0!9‘ qareas o# MWOI" .
(0.5) (p.28) +©.8)(0.78)#(ac) (1.22)

 HoD) (178D 4ar)i2.25)46.)(2.75)
Q/ —tx  zos](+3: 8] %

~

midjouk {6 -0.28
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"Signed area” D27-S05(a)

One observation from the last example: Riemann sums could be negative!
In particular, this is possible if f(x) < 0.

Hence, a Riemann sum is not necessarily computing a non-negative “area”, but we could say it's
computing a signed area.

— The signed area under the curve of y = f(z) is positive when f(x) > 0.

— The signed area under the curve of y = f(x) is negative when f(x) < 0.
(Here, “under the curve” really means between the curve and the horizontal line y = 0.)
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The limit of Riemann sums D27-S06(a)
As before, the punchline happens when we take a limit in n:
Definition
Suppose a function f is defined on the interval [a,b]. We say that f is integrable on [a, b] if,
Jin, 3} f(@)a
max; Ax;—0:=1
exists for any choice of sample point Z; and any limit of partitions.

When this limit exists, we denote,

/| IlaméV.'
/

lim T AL, = f f(x
n—00
max; Ax; —0 1= 1

.|.
and call this quantity the definite integral of f over |a,b]. his “ .H% 93 ned area
unde: the Crve. 0F q)ﬂ
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Definite integral: notation and conventions, | D27-507(a)

The number,

L fla)de,

can be positive or negative, depending on which parts of the curve f(x) are above or below the

T-axis. /3:‘['66 )
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Figure /7

From the above geometry with A, Adown > 0, we could write,

L/UuIJ be wj m:lnumﬁﬁ.

b
f f(CU)dZB - Aup — Adowna
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Definite integral: notation and conventions, |l D27-508(a)

fly)
La f(x)dz, ¥/\‘/

Oy

Note that

is an area corresponding with a line, and should therefore be O: q

La f(x)dz = 0.
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Definite integral: notation and conventions, |l D27-508(b)

Note that
| f@aa,
is an area corresponding with a line, and should therefore be O:

La f(x)dz = 0.

When a < b, we know what XZ f(x)dz means. ', 9
What if b < a? By convention, we define this as, Eg- g,_ X Jy -~ f )(QJX
1

[ ' fla)dr = [ saas,

i.e., swapping the limits of the definite integral multiplies the result by —1.
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Definite integral: notation and conventions, |l D27-509(a)

Finally, we note that the two numbers

L  Fla)da, |  f)ay,

: 4y

correspond to exactly the same thing.

In particular, the variables x and y above are dummy variables. ‘1’
All the following expressions are the same: - ot
dyz ¢'lx) dy

L ' Fla)de = f ' Flo)dg = J f@)e

This is why it's very important to not omit the dz notation!
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Which functions are integrable? D27-510(a)

We require the limit of Riemann sums to converge in order for a function to be integrable.

What kinds of functions are integrable?

Theorem

Suppose f is a bounded function on [a,b], and is continuous except at a finite number of points.
Then f is integrable on |a,b].
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Which functions are integrable? D27-510(b)

We require the limit of Riemann sums to converge in order for a function to be integrable.

What kinds of functions are integrable?

Theorem

Suppose f is a bounded function on [a,b], and is continuous except at a finite number of points.
Then f is integrable on |a,b].
Hence, many functions we know are integrable:

— polynomials

— rational functions, away from vertical asymptotes

— sine and cosine functions
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Computing definite integrals D27-S11(a)

Since integrable functions have convergent Riemann sums for any choice of partition, we may
choose a(ny) convenient partition.

Example
Evaluate ﬁl(x + 3)dzx.
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Adding areas D27-S12(a)

Consider the following figure. By simple geometry, we can guess the definite integral over [a, c|.

LY v = f(x) =

Hence, the following is true:

Theorem

Assume f is integrable on [a, c|, and that b is some point in [a,c|. Then:

ch(az)da: _ Lbf(:zz)da: i ch(x)d:v.
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