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   ℝ 


   ℂ 


   𝑧  =  𝑥  +  𝑖  𝑦  ∈  ℂ 


     𝑧  ‾   =  𝑥  −  𝑖  𝑦 


     𝑧  ∗  


     𝑧  ‾  


   ∗ 


   𝐱  ∈    ℂ  𝑛  


     𝑥  1   ,  …  ,    𝑥  𝑛  


   𝐀  ∈    ℂ    𝑚  ×  𝑛   


     𝑎    𝑗  𝑘   


   1  ≤  𝑗  ≤  𝑚 


   1  ≤  𝑘  ≤  𝑛 


   𝐁  ∈    ℂ    𝑛  ×  𝑘   


   𝑚  ×  𝑘 


          (1.1)                   (  𝐀  𝐁    )    𝑗  ℓ    =    ∑    𝑠  =  1   𝑛     𝑎    𝑗  𝑠      𝑏    𝑠  ℓ    .    


   𝐀 


   𝐁 


   𝑗 


     𝐫  𝑗  ∗  


   ℓ 


     𝐜  ℓ  


   𝐜 


   𝐫 


   𝐜    𝐫  ∗  


   𝐀  ∈    ℂ    𝐾  ×  𝑛   


   𝐁  ∈    ℂ    𝑛  ×  𝐿   


     𝐫  𝑘  ∗  


   (  𝐀  𝐁    )    𝑘  ℓ    =    𝐫  𝑘  ∗     𝐜  ℓ   . 


   𝐂  ∈    ℂ    𝐾  ×  𝑛   


     𝐜  𝑗  


   𝐑  ∈    ℂ    𝑛  ×  𝐿   


   𝐂  𝐑  =    ∑    𝑗  =  1   𝑛     𝐜  𝑗     𝐫  𝑗  ∗   . 


   𝐂  𝐑 


   𝐾  ,  𝑛  ,  𝐿 


   𝐀  𝐁 


   𝑚  ×  𝑛 


     ℂ  𝑛  


     ℂ  𝑚  


          (1.2)                     ⟨  𝐱  ,  𝐲  ⟩   =    𝐲  ∗   𝐱  =    ∑    𝑗  =  1   𝑛     𝑥  𝑗       𝑦  𝑗   ‾   .    


       ‖  𝐱  ‖   2   =      ⟨  𝐱  ,  𝐱  ⟩    . 


   𝐱  ⟂  𝐲 


     ⟨  𝐱  ,  𝐲  ⟩   =  0 


   𝐯 


   𝐱 


          (1.3)                      Proj   𝐯     𝐱  =      ⟨  𝐱  ,  𝐯  ⟩     ⟨  𝐯  ,  𝐯  ⟩    𝐯  .    


    cos     𝜃  =      |    ⟨  𝐱  ,  𝐲  ⟩   |         ‖  𝐱  ‖   2         ‖  𝐲  ‖   2     ,    0  ≤  𝜃  ≤    𝜋  2   . 


   [  0  ,  𝜋  ] 


            range   (  𝐀  )     ⊆    ℂ  𝑚   ,      corange   (  𝐀  )     ≔   range   (    𝐀  ∗   )  ⊆    ℂ  𝑛   ,          𝒦  (  𝐀  )     ≔    {  𝐱  ∈    ℂ  𝑛     |    𝐀  𝐱  =  𝟎  }   ,      coker   (  𝐀  )     ≔  𝒦  (    𝐀  ∗   )  ⊆    ℂ  𝑚   .    


    rank   (  𝐀  )  ≔   dim      range   (  𝐀  )  . 


    dim      range   (  𝐀  )  =   dim      range   (    𝐀  ∗   )  =   rank   (  𝐀  )  . 


     𝐰  1   ,  …  ,    𝐰  𝑚   ∈    ℂ  𝑛  


   𝐀  𝐱  =  𝟎 


     ⟨  𝐱  ,    𝐰  𝑗   ⟩   =  0 


   𝒦  (  𝐀  )  =   range   (    𝐀  ∗     )  ⟂   . 


     𝐀  ∗  


   𝒦  (    𝐀  ∗   )  =   range   (  𝐀    )  ⟂  


    range   (  𝐀  𝐁  )  ⊆   range   (  𝐀  ) 


    corange   (  𝐀  𝐁  )  ⊆   corange   (  𝐁  ) 


   𝒦  (  𝐀  𝐁  )  ⊇  𝒦  (  𝐁  ) 


    coker   (  𝐀  𝐁  )  ⊇   coker   (  𝐀  ) 


             ℂ  𝑛      =   corange   (  𝐀  )  ⊕  𝒦  (  𝐀  )  ,     𝑛     =   dim      corange   (  𝐀  )  +   dim     𝒦  (  𝐀  )  ,            ℂ  𝑚      =   range   (  𝐀  )  ⊕   coker   (  𝐀  )  ,     𝑚     =   dim      range   (  𝐀  )  +   dim      coker   (  𝐀  )  ,    


   𝐮    𝐰  ∗  


   𝐮  ,  𝐰  ∈    ℂ  𝑛  


   𝐈  +  𝐮    𝐰  ∗  


     𝐰  ∗   𝐮  =  −  1 


     𝐰  ∗   𝐮  ≠  −  1 


   (  𝐈  +  𝐮    𝐰  ∗     )    −  1    −  𝐈 


   𝐀  ∈    ℂ    𝑛  ×  𝑛   


   𝐀  +  𝐮    𝐰  ∗  


     𝐀    −  1   


   𝑉 


     ‖  ⋅  ‖   ∶  𝑉  →  ℝ 


   𝐱  ,  𝐲  ∈  𝑉 


   𝑐 


     ‖  𝐱  ‖   ≥  0 


     ‖  𝐱  ‖   =  0 


   𝐱  =  𝟎 


     ‖  𝐱  +  𝐲  ‖   ≤    ‖  𝐱  ‖   +    ‖  𝐲  ‖  


     ‖  𝑐  𝐱  ‖   =    |  𝑐  |         ‖  𝐱  ‖  


   ‖  𝐀  𝐱  ‖ 


   ‖  ⋅  ‖ 


   𝑚 


   𝑛 


   𝐱  ⟼    ‖  𝐀  𝐱  ‖  


     ℓ  𝑝  


          (1.4)          ‖  𝐱  ‖   𝑝      =      (    ∑    𝑗  =  1   𝑛       |    𝑥  𝑗   |   𝑝   )     1  /  𝑝    ,       1  ≤  𝑝  <  ∞  ,         (1.5)          ‖  𝐱  ‖   ∞      =     max     1  ≤  𝑗  ≤  𝑛        |    𝑥  𝑗   |   .        


       ‖  ⋅  ‖   2  


     ℓ  ∞  


     ℓ  2  


     𝑐  𝑛  


     𝐶  𝑛  


     𝑐  𝑛         ‖  𝐱  ‖   ∞   ≤      ‖  𝐱  ‖   2   ≤    𝐶  𝑛         ‖  𝐱  ‖   ∞     (  𝐱  ∈    ℂ  𝑛   )  . 


   𝐱  ,  𝐲  ∈    ℂ  𝑛  


     |    ⟨  𝐱  ,  𝐲  ⟩   |   ≤      ‖  𝐱  ‖   2         ‖  𝐲  ‖   2   . 


   𝐲  =  𝟎 


   𝐲 


   0  ≤      ‖  𝐱  −      ⟨  𝐱  ,  𝐲  ⟩       ‖  𝐲  ‖   2  2    𝐲  ‖   2  2   =      ‖  𝐱  ‖   2  2   −        |    ⟨  𝐱  ,  𝐲  ⟩   |   2       ‖  𝐲  ‖   2  2    . 


       ‖  𝐱  +  𝐲  ‖   2  2  


   (      ‖  𝐱  ‖   2   +      ‖  𝐲  ‖   2     )  2  


     𝐱  1   ⟂    𝐱  2  


               ‖    𝐱  1   +    𝐱  2   ‖   2  2      =    ⟨    𝐱  1   +    𝐱  2   ,    𝐱  1   +    𝐱  2   ⟩             =      ‖    𝐱  1   ‖   2  2   +      ‖    𝐱  2   ‖   2  2   ,    


     𝐱  1   ,  …  ,    𝐱  𝑘  


          (1.6)                       ‖    ∑    𝑗  =  1   𝑘     𝐱  𝑗   ‖   2  2   =    ∑    𝑗  =  1   𝑘       ‖    𝐱  𝑗   ‖   2  2   .    


       ‖  𝐀  ‖     𝑝  ,  𝑝    ≔      ‖   vec   (  𝐀  )  ‖   𝑝   . 


     ℓ  𝑞  


          (1.7)                       ‖  𝐀  ‖     𝑝  ,  𝑞    =      (    ∑    𝑗  =  1   𝑛       (    ∑    𝑖  =  1   𝑚       |    𝑎    𝑖  𝑗    |   𝑝   )     𝑞  /  𝑝    )     1  /  𝑞    ,    


   𝑝  =  𝑞  =  2 


       ‖  𝐀  ‖   𝐹  2   =    ∑    𝑖  =  1   𝑚     ∑    𝑗  =  1   𝑛       |    𝑎    𝑖  𝑗    |   2   =   tr   (    𝐀  ∗   𝐀  )  . 


       ⟨  𝐀  ,  𝐁  ⟩   𝐹   =   tr   (    𝐁  ∗   𝐀  )  . 


   1  ≤  𝑝  ≤  ∞ 


          (1.8)                       ‖  𝐀  ‖   𝑝   =     sup     𝐱  ≠  𝟎            ‖  𝐀  𝐱  ‖   𝑝       ‖  𝐱  ‖   𝑝    .    


   𝐶 


       ‖  𝐀  𝐱  ‖   𝑝   ≤  𝐶        ‖  𝐱  ‖   𝑝  


   1 


   ∞ 


     𝐜  1   ,  …  ,    𝐜  𝑛  


     𝐫  1  ∗   ,  …  ,    𝐫  𝑚  ∗  


   𝐀  ∶    ℂ  𝑛   →    ℂ  𝑚  


       ‖  𝐀  ‖   1   =     max     1  ≤  𝑗  ≤  𝑛          ‖    𝐜  𝑗   ‖   1   ,        ‖  𝐀  ‖   ∞   =     max     1  ≤  𝑖  ≤  𝑚          ‖    𝐫  𝑖   ‖   1   . 


     ‖  𝐀  𝐁  ‖   ≤    ‖  𝐀  ‖       ‖  𝐁  ‖  


   𝑝 


       ‖  𝐀  𝐁  ‖   𝑝   ≤      ‖  𝐀  ‖   𝑝         ‖  𝐁  ‖   𝑝   . 


   2 


   𝐀  =    (              −  2     −  1        1     2          )   . 


     𝐀  ∗   𝐀  =    (              5     4        4     5          )   . 


   𝐱  =  (    𝑥  1   ,    𝑥  2     )  𝑇  


               ‖  𝐀  𝐱  ‖   2  2      =  5  (      |    𝑥  1   |   2   +      |    𝑥  2   |   2   )  +  8     Re   (      𝑥  1   ‾     𝑥  2   )            ≤  9  (      |    𝑥  1   |   2   +      |    𝑥  2   |   2   )  =  9        ‖  𝐱  ‖   2  2   .    


     𝑥  1   =    𝑥  2   ≠  0 


       ‖  𝐀  ‖   2   =  3 


   (  𝜆  ,  𝐯  )  ∈  ℂ  ×  (    ℂ  𝑛   ∖    {  𝟎  }   ) 


          (2.1)                   𝐀  𝐯  =  𝜆  𝐯  .    


    spec   (  𝐀  ) 


   𝜆 


     𝐸  𝜆   =  𝒦  (  𝐀  −  𝜆  𝐈  )  . 


     𝑝  𝐀   (  𝑧  )  =   det   (  𝑧  𝐈  −  𝐀  ) 


     𝑎  𝜆  


     𝑝  𝐀  


     𝑔  𝜆   =   dim       𝐸  𝜆   . 


   1  ≤    𝑔  𝜆   ≤    𝑎  𝜆  


     𝑎  𝜆   =    𝑔  𝜆   =  1 


     𝑔  𝜆   <    𝑎  𝜆  


   𝐱  ∈    𝐸  𝜆  


   𝐀  𝐱  =  𝜆  𝐱  ∈    𝐸  𝜆  


     𝐯  1   ,  …  ,    𝐯  𝑘  


     ∑    𝑗  =  1   𝑘     𝑐  𝑗     𝐯  𝑗   =  𝟎 


     𝑐  𝑗  


     𝑐  1   ≠  0 


   𝐀  −    𝜆  𝑘   𝐈 


     ∑    𝑗  =  1     𝑘  −  1      𝑐  𝑗   (    𝜆  𝑗   −    𝜆  𝑘   )    𝐯  𝑗   =  𝟎  . 


     𝑐  1   =  0 


   𝐏  ∈    ℂ    𝑛  ×  𝑛   


   𝑟 


   0  ≤  𝑟  ≤  𝑛 


   𝐀  =  (    𝑎    𝑖  𝑗    )  ∈    ℂ    𝑛  ×  𝑛   


     𝐷  𝑖   =    {  𝑧  ∈  ℂ    |      |  𝑧  −    𝑎    𝑖  𝑖    |   ≤    ∑    𝑗  ≠  𝑖      |    𝑎    𝑖  𝑗    |   }   ,    1  ≤  𝑖  ≤  𝑛  . 


    spec   (  𝐀  )  ⊆    ⋃    𝑖  =  1   𝑛     𝐷  𝑖   . 


   𝐀  ,  𝐁  ∈    ℂ    𝑛  ×  𝑛   


   𝐒 


   𝐁  =    𝐒    −  1    𝐀  𝐒  . 


     𝐯  1   ,  …  ,    𝐯  𝑛  


   𝐕  =  [    𝐯  1     ⋯      𝐯  𝑛   ]  ,    𝚲  =   diag   (    𝜆  1   ,  …  ,    𝜆  𝑛   )  . 


          (2.2)                   𝐀  𝐕  =  𝐕  𝚲  .    


   𝐕 


          (2.3)                   𝐀  =  𝐕  𝚲    𝐕    −  1    ,    𝚲  =    𝐕    −  1    𝐀  𝐕  .    


     𝜆  1   ,  …  ,    𝜆  𝑛  


    det   (  𝐀  )  =    ∏    𝑗  =  1   𝑛     𝜆  𝑗   ,     tr   (  𝐀  )  =    ∑    𝑗  =  1   𝑛     𝜆  𝑗   . 


    det   (    𝐀    −  1    )  =  1  /   det   (  𝐀  ) 


            det   (  𝑧  𝐈  −    𝐒    −  1    𝐀  𝐒  )     =   det   (    𝐒    −  1    (  𝑧  𝐈  −  𝐀  )  𝐒  )            =   det   (  𝑧  𝐈  −  𝐀  )  .    


          (2.4)                    det   (  𝐀  )  =    ∏    𝑗  =  1   𝑛     𝜆  𝑗   ,     tr   (  𝐀  )  =    ∑    𝑗  =  1   𝑛     𝜆  𝑗   .    


     𝜆  𝑗  


     𝑎  𝑗   =    𝑎    𝜆  𝑗   


     𝑔  𝑗   =    𝑔    𝜆  𝑗   


     𝑠    𝑗  ,  1    ,  …  ,    𝑠    𝑗  ,    𝑔  𝑗    


     ∑    ℓ  =  1     𝑔  𝑗      𝑠    𝑗  ,  ℓ    =    𝑎  𝑗   . 


   𝐀  =  𝐕  𝐉    𝐕    −  1   


          (2.5)                   𝐉  =    ⨁  𝑗     ⨁    ℓ  =  1     𝑔  𝑗      (    𝜆  𝑗     𝐈    𝑠    𝑗  ,  ℓ     +    𝐍    𝑠    𝑗  ,  ℓ     )   ,    


     𝐍  𝑠  


   (              1     1        0     1          ) 


   𝐱  ∈    ℂ  𝑚  


   𝐲  ∈    ℂ  𝑛  


   𝐱  ⊗  𝐲  ∈    ℂ    𝑚  𝑛   


     𝑥  𝑗   𝐲 


   𝐀  =  (    𝑎    𝑗  𝑘    )  ∈    ℂ    𝑚  ×  𝑚   


   𝐁  ∈    ℂ    𝑛  ×  𝑛   


   𝐀  ⊗  𝐁 


   𝑚  ×  𝑚 


   (  𝑗  ,  𝑘  ) 


     𝑎    𝑗  𝑘    𝐁 


   𝐀  ∈    ℂ    𝑚  ×  𝑚   


   𝐀  =    𝐀  ∗  


   𝐔 


   𝚲 


          (2.6)                   𝐀  =  𝐔  𝚲    𝐔  ∗   .    


     𝐀  ∗   =  −  𝐀 


     𝐮  𝑗  


          (2.7)                   𝐀  =    ∑    𝑗  =  1   𝑛     𝜆  𝑗     𝐮  𝑗     𝐮  𝑗  ∗   .    


   𝜌  (  𝐀  )  =     max     1  ≤  𝑗  ≤  𝑛        |    𝜆  𝑗   |   . 


       ‖  𝐀  𝐱  ‖   2  2   =    ∑    𝑗  =  1   𝑛       |    𝜆  𝑗   |   2         |    ⟨  𝐱  ,    𝐮  𝑗   ⟩   |   2   ≤  𝜌  (  𝐀    )  2       ‖  𝐱  ‖   2  2   . 


          (2.8)                       ‖  𝐀  ‖   2   =  𝜌  (  𝐀  )  .    


          (2.9)                       ‖  𝐱  ‖   𝐀   =        𝐱  ∗   𝐀  𝐱      


   𝐱  =    ∑  𝑗     𝑐  𝑗     𝐮  𝑗  


     𝐱  ∗   𝐀  𝐱  =    ∑    𝑗  =  1   𝑛     𝜆  𝑗         |    𝑐  𝑗   |   2   >  0 


     𝑐  𝑗   ↦      𝜆  𝑗      𝑐  𝑗  


          (2.10)                     𝐀    1  /  2    =  𝐔     diag   (      𝜆  1    ,  …  ,      𝜆  𝑛    )    𝐔  ∗   .    


   (    𝐀    1  /  2      )  2   =  𝐀 


     𝑄  𝐀   (  𝐱  )  =    𝐱  ∗   𝐀  𝐱 


     𝑉  +  


     𝑉  −  


     𝑉  0  


     ℂ  𝑛   =    𝑉  +   ⊕    𝑉  −   ⊕    𝑉  0   , 


     𝑄  𝐀   (  𝐱  )    {            >  0  ,          𝐱  ∈    𝑉  +   ∖    {  𝟎  }   ,        <  0  ,          𝐱  ∈    𝑉  −   ∖    {  𝟎  }   ,        =  0  ,          𝐱  ∈    𝑉  0   .          


     𝑄  𝐀   (  𝐱  )  =    ∑  𝑗     𝜆  𝑗         |    𝑐  𝑗   |   2   . 


     𝑉  0   =  𝒦  (  𝐀  ) 


     𝑄  𝐀  


          (2.11)                     𝑅  𝐀   (  𝐱  )  =        𝐱  ∗   𝐀  𝐱       𝐱  ∗   𝐱    .    


     𝑅  𝐀   (  𝐯  )  =  𝜆 


   𝑊  (  𝐀  )  =    {    𝑅  𝐀   (  𝐱  )    |    𝐱  ≠  𝟎  }   . 


    spec   (  𝐀  )  ⊆  𝑊  (  𝐀  ) 


   𝑊  (  𝐀  ) 


          (2.12)                     𝑅  𝐀   (  𝐱  )  =    ∑    𝑗  =  1   𝑛     𝜆  𝑗         |    𝑐  𝑗   |   2   ,      ∑    𝑗  =  1   𝑛       |    𝑐  𝑗   |   2   =  1  .    


     𝜆  1   ≤  ⋯  ≤    𝜆  𝑛  


          (2.13)                     𝜆  1   ≤    𝑅  𝐀   (  𝐱  )  ≤    𝜆  𝑛   ,    𝑊  (  𝐀  )  =  [    𝜆  1   ,    𝜆  𝑛   ]  .    


   𝑤  (  𝐀  )  =     sup     𝑧  ∈  𝑊  (  𝐀  )        |  𝑧  |   ,    𝐻  (  𝐀  )  =      𝐀  +    𝐀  ∗    2   . 


   𝜌  (  𝐀  )  ≤  𝑤  (  𝐀  )  ≤      ‖  𝐀  ‖   2  


   𝜃  ∈  ℝ 


   𝑊  (    𝑒    𝑖  𝜃    𝐀  )  =    𝑒    𝑖  𝜃    𝑊  (  𝐀  ) 


   𝑊  (    𝐀  ∗   )  =    {    𝑧  ‾     |    𝑧  ∈  𝑊  (  𝐀  )  }  


   𝑊  (  𝐻  (  𝐀  )  ) 


   𝐻  (  𝐀  ) 


     𝑒    𝑖  𝜃   


     𝐻  𝜃   =  𝐻  (    𝑒    −  𝑖  𝜃    𝐀  )  . 


     𝜆   max    (    𝐻  𝜃   ) 


      max     𝑧  ∈  𝑊  (  𝐀  )       Re   (    𝑒    −  𝑖  𝜃    𝑧  ) 


     𝐱  𝜃  


     𝐱  𝜃  ∗   𝐀    𝐱  𝜃  


   𝜃 


     𝐻  𝜃  


   𝑠 


     𝐽  𝑠   (  0  ) 


   𝐉  =    ⨁  ℓ     𝐽    𝑠  ℓ    (    𝜆  ℓ   )  , 


   𝑊  (  𝐉  ) 


   𝐉 


          (2.14)        𝜆  𝑘      =     min                max     𝐱  ∈  𝑉  ∖    {  𝟎  }         𝑅  𝐀   (  𝐱  )  ,         (2.15)        𝜆  𝑘      =     max                min     𝐱  ∈  𝑉  ∖    {  𝟎  }         𝑅  𝐀   (  𝐱  )  .    


   𝑉  =   span         {    𝐮  1   ,  …  ,    𝐮  𝑘   }   , 


   𝑉  =   span         {    𝐮  𝑘   ,  …  ,    𝐮  𝑛   }   . 


   𝑘 


     𝐮  1   ,  …  ,    𝐮    𝑘  −  1   


     𝜆  𝑘  


   𝐐  ∈    ℂ    𝑛  ×  𝑟   


   𝐁  =    𝐐  ∗   𝐀  𝐐 


    range   (  𝐐  ) 


   𝐐  ∈    ℂ    𝑛  ×  𝑝   


   𝐀  𝐯  =  𝜆  𝐯 


   𝐯  ∈   range   (  𝐐  ) 


   𝐜  =    𝐐  ∗   𝐯 


     𝐐  ∗   𝐀  𝐐 


   𝐯  =  𝐐  𝐜 


   𝐀  𝐐  𝐜  −  𝜆  𝐐  𝐜 


   (  𝑛  −  1  )  ×  (  𝑛  −  1  ) 


     𝜇  1   ≤  ⋯  ≤    𝜇    𝑛  −  1   


     𝜆  𝑗   ≤    𝜇  𝑗   ≤    𝜆    𝑗  +  1    ,    1  ≤  𝑗  ≤  𝑛  −  1  . 


     𝑅  𝐀   (  𝐱  )  =    𝜆  1  


     𝜆  1  


     𝜆  𝑛  


   𝐀    𝐀  ∗   =    𝐀  ∗   𝐀  . 


   𝐓 


   𝐀  =  𝐔  𝐓    𝐔  ∗   . 


          (2.16)                   𝐀  =  𝐔  𝐓    𝐔  ∗   .    


   𝐀  =  𝐔  𝚲    𝐔  ∗  


   𝑤  (  𝐀  )  =     max     𝑧  ∈  𝑊  (  𝐀  )        |  𝑧  |  


       ‖  𝐀  𝐱  ‖   2   =      ‖    𝐀  ∗   𝐱  ‖   2        for every    𝐱  . 


   𝐙 


          (2.17)                   𝐀  =    𝐀  ∗   𝐙  .    


   𝐀    𝐀  ∗   =  (    𝐀  ∗   𝐙  )  (    𝐙  ∗   𝐀  )  =    𝐀  ∗   𝐀  . 


   𝐔  ∈    ℂ    𝑚  ×  𝑚   


   𝐕  ∈    ℂ    𝑛  ×  𝑛   


          (2.18)                   𝐀  =  𝐔  𝚺    𝐕  ∗   ,    


   𝚺  ∈    ℂ    𝑚  ×  𝑛   


     𝜎  1   ≥    𝜎  2   ≥  ⋯  ≥    𝜎  𝑝   ≥  0  ,    𝑝  =   min       {  𝑚  ,  𝑛  }   . 


     𝜎  𝑗  


     𝐯  𝑗  


   𝑚  ≥  𝑛 


     𝐀  ∗   𝐀 


     𝐱  ∗     𝐀  ∗   𝐀  𝐱  =      ‖  𝐀  𝐱  ‖   2  2   ≥  0  . 


     𝜎  1  2   ≥  ⋯  ≥    𝜎  𝑛  2   ≥  0 


   𝑟  =   rank   (  𝐀  ) 


   1  ≤  𝑗  ≤  𝑟 


     𝐮  𝑗   =      𝐀    𝐯  𝑗      𝜎  𝑗    . 


   𝑖  ,  𝑗  ≤  𝑟 


           ⟨    𝐮  𝑖   ,    𝐮  𝑗   ⟩     =        𝐯  𝑗  ∗     𝐀  ∗   𝐀    𝐯  𝑖        𝜎  𝑖     𝜎  𝑗     =    𝛿    𝑖  𝑗    ,    


   𝑗  >  𝑟 


   𝐀    𝐯  𝑗   =  𝟎 


   𝐀  𝐕  =  𝐔  𝚺 


     𝐕  ∗  


   𝑚  <  𝑛 


          (2.19)                   𝐀  =    ∑    𝑗  =  1   𝑝     𝜎  𝑗     𝐮  𝑗     𝐯  𝑗  ∗   .    


          (2.20)                   𝐀  =    𝐔  ˜     𝚺  ˜       𝐕  ˜   ∗   =    ∑    𝑗  =  1   𝑟     𝜎  𝑗     𝐮  𝑗     𝐯  𝑗  ∗   .    


     𝐀  ∗   𝐀  =  𝐔        |  𝚲  |   2       𝐔  ∗  


          (2.21)                       ‖  𝐀  ‖   2   =    𝜎  1   .    


   𝝈  =  (    𝜎  1   ,  …  ,    𝜎  𝑝     )  𝑇  


   𝑝  =   min       {  𝑚  ,  𝑛  }  


       ‖  𝐀  ‖   𝐹  2   =    ∑    𝑗  =  1   𝑝     𝜎  𝑗  2   =      ‖  𝝈  ‖   2  2   . 


      min     𝐱  ≠  𝟎            ‖  𝐀  𝐱  ‖   2       ‖  𝐱  ‖   2    =    𝜎   min    (  𝐀  )  . 


     𝜎   min   


   𝛽  =  𝑖  𝑛    𝑓    𝐱  ≠  𝟎      𝑠  𝑢    𝑝    𝐲  ≠  𝟎        |    𝐱  ∗   𝐀  𝐲  |         ‖  𝐱  ‖   2         ‖  𝐲  ‖   2     . 


   𝛽  =    𝜎   min    (  𝐀  ) 


   𝛽  >  0 


   𝐐  ∈    ℂ    (  𝑚  −  1  )  ×  𝑚   


   𝐐    𝐐  ∗   =    𝐈    𝑚  −  1   


     𝜎  1   ≥  ⋯  ≥    𝜎  𝑝   ≥  0 


   𝐐  𝐀 


     𝜇  1   ≥  ⋯  ≥    𝜇  𝑞   ≥  0 


   𝑞  =   min       {  𝑚  −  1  ,  𝑛  }  


     𝜎  𝑗   ≥    𝜇  𝑗   ≥    𝜎    𝑗  +  1    ,    1  ≤  𝑗  ≤  𝑞  , 


     𝜎    𝑝  +  1    =  0 


   𝜖  >  0 


    min       {  𝑚  ,  𝑛  }  


     ‖  𝐁  −  𝐀  ‖   <  𝜖  . 


   𝐀  =  𝐔  𝐒 


   𝐀  =  𝐑  𝐔 


   𝐔  ∈    ℂ    𝑛  ×  𝑛   


   𝐔  =    𝑒    𝑖  𝚯   


   𝚯 


     𝑒    𝑖  𝚯   


   𝚯  ↦    𝑒    𝑖  𝚯   


   𝐀  =  𝐑    𝑒    𝑖  𝚯    =    𝑒    𝑖  𝚯    𝐒  , 


   𝐑 


     𝐀    −  1    =  𝐕    𝚺    −  1      𝐔  ∗   . 


            range   (  𝐀  )     =   span         {    𝐮  1   ,  …  ,    𝐮  𝑟   }   ,           coker   (  𝐀  )  =  𝒦  (    𝐀  ∗   )     =   span         {    𝐮    𝑟  +  1    ,  …  ,    𝐮  𝑚   }   ,           corange   (  𝐀  )  =   range   (    𝐀  ∗   )     =   span         {    𝐯  1   ,  …  ,    𝐯  𝑟   }   ,          𝒦  (  𝐀  )     =   span         {    𝐯    𝑟  +  1    ,  …  ,    𝐯  𝑛   }   .    


     𝐀  +   =    𝐕  ˜       𝚺  ˜     −  1        𝐔  ˜   ∗   . 


     𝐀  +   =    𝐀    −  1   


   𝐀    𝐀  +  


     𝐀  +   𝐀 


     𝐈  𝑚   −  𝐀    𝐀  +  


     𝐈  𝑛   −    𝐀  +   𝐀 


   𝐀  =  𝐀    𝐀  +   𝐀 


     𝐀  +   𝐀  =    𝐈  𝑛  


   𝐀    𝐀  +   =    𝐈  𝑚  


       ‖  (  𝐀  +  𝐄    )  +   −    𝐀  +   ‖     ‖    𝐀  +   ‖   


     ‖  𝐄  ‖   /    ‖  𝐀  ‖  


   𝑘  <   min       {  𝑚  ,  𝑛  }  


          (2.22)                      min             ‖  𝐀  −  𝐁  ‖   .    


     ‖  𝐀  ‖   =    ‖  𝐐  𝐀  𝐙  ‖  


   𝐐  ,  𝐙 


   0  ≤  𝑘  <   rank   (  𝐀  ) 


          (2.23)                     𝐀  𝑘   =    ∑    𝑗  =  1   𝑘     𝜎  𝑗     𝐮  𝑗     𝐯  𝑗  ∗   ,    


     𝐀  0   =  𝟎 


      min      rank   (  𝐁  )  ≤  𝑘          ‖  𝐀  −  𝐁  ‖   2  


     𝜎    𝑘  +  1   


    dim     𝒦  (  𝐁  )  ≥  𝑛  −  𝑘 


   𝒦  (  𝐁  ) 


    span         {    𝐯  1   ,  …  ,    𝐯    𝑘  +  1    }  


   𝑘  <   rank   (  𝐀  ) 


               ‖  𝐀  −    𝐀  𝑘   ‖   2      =    𝜎    𝑘  +  1    ,              ‖  𝐀  −    𝐀  𝑘   ‖   𝐹      =      (    ∑    𝑗  =  𝑘  +  1   𝑝     𝜎  𝑗  2   )     1  /  2    .    


     𝜎  𝑘   >    𝜎    𝑘  +  1   


     𝐮  𝑗     𝐯  𝑗  ∗  


     𝜎  𝑘   =    𝜎    𝑘  +  1   


   𝐁  =  [    𝐛  1     ⋯      𝐛  𝑛   ]  ∈    ℂ    𝑚  ×  𝑛   


     𝐛  0   =    1  𝑛     ∑    𝑗  =  1   𝑛     𝐛  𝑗   ,    𝐀  =  𝐁  −    𝐛  0     𝟏  ∗   , 


     𝟏  ∗  


   1  ×  𝑛 


     𝐔  𝑘  


     𝐜  𝑗   =    𝐔  𝑘  ∗   (    𝐛  𝑗   −    𝐛  0   ) 


       𝐛  ˜   𝑗   =    𝐔  𝑘     𝐜  𝑗   +    𝐛  0  


     𝑃  𝐔   =  𝐔    𝐔  ∗  


     𝑃    𝐔  𝑘    𝐀  =    ∑    𝑗  =  1   𝑘     𝜎  𝑗     𝐮  𝑗     𝐯  𝑗  ∗   . 


     𝑃    𝐔  𝑘    𝐀 


      min               ‖  𝐀  −    𝑃  𝐔   𝐀  ‖   𝐹  2   . 


      var   𝑉   (  𝐁  )  =    ∑    𝑗  =  1   𝑛       ‖    𝑃  𝑉   (    𝐛  𝑗   −    𝐛  0   )  ‖   2  2   . 


   𝑉  =   span         {    𝐮  1   ,  …  ,    𝐮  𝑘   }  


   𝒪  (  𝑘  (  𝑚  +  𝑛  )  ) 


   𝒪  (  𝑚  𝑛  ) 


       ‖  ⋅  ‖   ∗  


       ‖  ⋅  ‖   +  


   𝑐  ,  𝑘  >  0 


   𝑐        ‖  𝐱  ‖   ∗   ≤      ‖  𝐱  ‖   +   ≤  𝑘        ‖  𝐱  ‖   ∗        for every    𝐱  ∈  𝑉  . 


          (1.9)                     1    𝑛          ‖  𝐱  ‖   1   ≤      ‖  𝐱  ‖   2   ≤      ‖  𝐱  ‖   1   .    


       ‖  𝐱  ‖   1  2  


   (    |    𝑥  1   |   ,  …  ,    |    𝑥  𝑛   |     )  𝑇  


   (  1  ,  …  ,  1    )  𝑇  


     1    𝑚          ‖  𝐀  ‖   1   ≤      ‖  𝐀  ‖   2   ≤    𝑛         ‖  𝐀  ‖   1   . 


     𝐔  ∗   𝐔  =  𝐈 


     𝐔  𝑇   𝐔  =  𝐈 


          (1.10)                     𝐔    −  1    =    𝐔  ∗   ,    𝐔    𝐔  ∗   =  𝐈  .    


       ‖  𝐔  𝐱  ‖   2   =      ‖  𝐱  ‖   2  


     ‖  𝐔  𝐀  𝐕  ‖   =    ‖  𝐀  ‖  


   𝐔  ,  𝐕 


   𝐖  ∈    ℂ    𝑚  ×  𝑛   


     𝐖  ∗   𝐖  =    𝐈  𝑛  


       ‖  𝐖  𝐱  ‖   2   =      ‖  𝐱  ‖   2  


   𝑚  ≠  𝑛 


       ‖  𝐔  𝐱  ‖   2  2   =    𝐱  ∗     𝐔  ∗   𝐔  𝐱  =      ‖  𝐱  ‖   2  2   . 


   𝑉  ,  𝑊  ⊆    ℂ  𝑁  


     ℂ  𝑁   =  𝑉  ⊕  𝑊  . 


   𝐱  =  𝐯  +  𝐰 


   𝐯  ∈  𝑉 


   𝐰  ∈  𝑊 


   𝐏  (  𝐯  +  𝐰  )  =  𝐯 


   𝑊 


   𝑉  ∩  𝑊  =    {  𝟎  }  


    dim     𝑉  +   dim     𝑊  =  𝑁 


   𝐏  ∈    ℂ    𝑁  ×  𝑁   


    range   (  𝐏  )  =  𝑉 


   𝒦  (  𝐏  )  =  𝑊 


   𝐏 


   𝐕  ∈    ℂ    𝑁  ×  𝑟   


   𝐖  ∈    ℂ    𝑁  ×  (  𝑁  −  𝑟  )   


   [  𝐕    𝐖  ] 


          (1.11)                   𝐏  =    [              𝐕       𝟎    𝑁  ×  (  𝑁  −  𝑟  )            ]         [              𝐕     𝐖          ]     −  1    .    


     𝐏  2   =  𝐏  . 


     𝐏  2   =  𝐏 


   𝐱  =  𝐏  𝐱  +  (  𝐈  −  𝐏  )  𝐱  . 


    range   (  𝐏  ) 


   𝒦  (  𝐏  ) 


   {  𝟎  } 


   𝑀  ∈  [  1  ,  ∞  ) 


   𝑛  ≥  2 


       ‖  𝐏  ‖   2   =  𝑀 


   𝒦  (  𝐏  )  =   range   (  𝐏    )  ⟂   . 


     𝐏  2   =  𝐏     and       𝐏  ∗   =  𝐏  . 


       ‖  𝐏  𝐱  ‖   2   ≤      ‖  𝐱  ‖   2  


   𝐱  =  𝐏  𝐱  +  (  𝐈  −  𝐏  )  𝐱 


       ‖  𝐱  ‖   2  2   =      ‖  𝐏  𝐱  ‖   2  2   +      ‖  (  𝐈  −  𝐏  )  𝐱  ‖   2  2   , 


    diag   (  1  ,  …  ,  1  ,  0  ,  …  ,  0  ) 


   𝐯  =  𝐏  𝐱 


   𝐰  ∈  𝒦  (  𝐏  ) 


     ⟨  𝐯  ,  𝐰  ⟩   =    ⟨  𝐏  𝐱  ,  𝐰  ⟩   =    ⟨  𝐱  ,    𝐏  ∗   𝐰  ⟩   =  0  . 


   𝑉  ⊆    ℂ  𝑛  


       ‖  𝐱  −  𝐏  𝐱  ‖   2   =     min     𝐯  ∈  𝑉          ‖  𝐱  −  𝐯  ‖   2   . 


   𝐯  ∈  𝑉 


     𝐪  1   ,  …  ,    𝐪  𝑟  


   𝐐  =  [    𝐪  1     ⋯      𝐪  𝑟   ] 


   𝐏  =  𝐐    𝐐  ∗  


   𝐈  −  𝐏 


   𝜋  ∶    {  1  ,  …  ,  𝑛  }   →    {  1  ,  …  ,  𝑛  }  


   𝐏    𝐞  𝑗   =    𝐞    𝜋  (  𝑗  )    . 


     𝐏  ∗   =    𝐏    −  1    . 


   3  ×  3 


   1  ↦  2 


   2  ↦  3 


   3  ↦  1 
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Chapter1

Linear Algebraic Foundations

This chapter explores linear algebra from a numerical analysis point of view. In particular, vectors
and matrices can be interpreted both as algebraic and geometric objects. This chapter fixes notation
and develops the geometric tools that will be used throughout the course.

1.1 Vectors, matrices, and the ambient geometry

We work primarily over the fields R and C. If z = x +iy € C, then its complex conjugate isz = x —iy.
For a scalar, the notation z* has the same meaning as z. For a vector or matrix, * denotes the conjugate
transpose; over R it reduces to the ordinary transpose.

A vector x € C" has entries xy, ..., X,. A matrix A € C"™*" has entries aj;, with 1 < j < m and
1 <k < n. If B € C™k, their product is the m X k matrix determined by

(AB)j, = ) ajsbsp. (1.1)

s=1

When A and B can be multiplied in this way, we say they are of conforming sizes. Write the jth row
of a matrix as rj and its #th column as c,. For column vectors ¢ and r, the matrix cr* is an outer
product; if both vectors are nonzero, it has rank one.

Problem 1.1 (Matrix multiplication as inner and outer products). Let A € CK*" and
B € C™L, Using only the entrywise definition (1.1), prove the following statements.

1. If the rows of A are ry and the columns of B are c,, then

(AB)kg = l'lth.

2. If C € CX*" has columns ¢; and R € C"™L has rows r}, then
n
_ *
CR = Z:l CjT;.
J:

3. Determine and justify the maximum possible rank of CR in terms of K, n, L.
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Thus the £th column of AB is obtained by applying A to the #th column of B. This operator
viewpoint is especially useful in numerical linear algebra: an m X n matrix is a linear map from C"
to C™.

The standard inner product on C" is

n
x,y)=y'x= Z X;Yj- (1.2)
j=1
Our convention makes the inner product linear in its first argument and conjugate-linear in its second.
It induces the Euclidean norm
1[I, = v {x, x).

Vectors are orthogonal, written x L y, when (x,y) = 0. A collection is orthonormal when its members
are pairwise orthogonal and each has norm one.
For a nonzero vector v, the orthogonal projection of x onto its span is
. X,V
Proj_x = uv. (1.3)
M\ A
In a complex vector space an angle must be defined with some care because an inner product need
not be real. One useful principal angle is specified by

(%, ¥l

, 0<6
Il Il

cosf =

IA
SE

For real vectors one can omit the absolute value and recover the usual signed angle in [0, 7].

1.1.1 The four fundamental subspaces

Let A € C™*". Its four fundamental subspaces are

range(A) C C™, corange(A) := range(A*) C C",
K(A)={x € C"|Ax = 0}, coker(A) = K(A*) C C™.

The rank of A is the dimension of its range:
rank(A) := dim range(A).
The row-rank/column-rank identity gives
dimrange(A) = dim range(A*) = rank(A).

Here corange is the row space, represented as a subspace of C", and cokernel is used in the numerical-
linear-algebra sense of left nullspace. The latter convention differs from the quotient-space definition
sometimes used in abstract algebra.

To see the basic geometry, write the conjugate-transposed rows of A as wy, ..., w,,, € C". The
equation Ax = 0 says precisely that <x, wj> = 0 for every j. Consequently,

K (A) = range(A¥)*.

Applying the same observation to A* gives the companion identity K (A*) = range(A)*.
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Problem 1.2 (Fundamental-subspace inclusions for a product). Let A and B have conform-
ing sizes. Prove that

1. range(AB) C range(A);

2. corange(AB) C corange(B);
3. X(AB) 2 X(B);

4. coker(AB) D coker(A).

Theorem 1.1 (Fundamental theorem of linear algebra). For every A € C™*",

C" = corange(A) @ X (A), n = dim corange(A) + dim K (A),
C™ = range(A) @ coker(A), m = dim range(A) + dim coker(A),

and both direct sums are orthogonal.

The theorem says that every input splits uniquely into a part visible to A and a part annihilated
by A. Likewise, every possible output splits into a component that A can produce and a component
orthogonal to all such outputs. Later, the singular value decomposition will provide orthonormal
bases adapted simultaneously to all four spaces.

A rank-one perturbation changes a matrix by an outer product uw*. Although such a perturbation
can change invertibility, its special form makes the change in the inverse equally structured when
the updated matrix remains nonsingular.

Problem 1.3 (Sherman-Morrison rank-one update). Letu,w € C" be nonzero.

1. Prove that I + uw™ is singular if and only if w*u = —1.

2. If w*u # —1, prove that (I + uw*)~! — I has rank one and find an explicit formula for the
inverse.

3. Let A € C™" be invertible. Give a necessary and sufficient condition for A + uw™ to
be invertible. When it is invertible, derive a formula expressing its inverse as a rank-one
perturbation of A~!.

1.2 Norms and the measurement of size

Definition 1.2. Let VV be a vector space over R or C. Amap || : V — R is a norm when, for all
X,y € V and all scalars c,

L |x]| > 0;
2. ||x|| = 0if and only if x = 0;
3. [Ix+yll < lIxll + Iyl

4. flex|| = fef IIx]I.

Problem 1.4 (When ||Ax|| is anorm). LetA € C™*" and let |-|| be any norm on C". Determine
necessary and sufficient conditions on A (possibly including conditions on m and/or n) under
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Problem 1.4 (continued).

which
x — || AX||

is a norm on C", and prove your claim.

The standard vector norms are the €P norms:

n 1/p
Ix[l,, = (Z Ilep) , 1<p< oo, (1.4)
=1
I, = max |x;]. (1.5)

The norm |||, is special because it comes from the inner product in (1.2).

Problem 1.5 (Sharp ¢®-¢2 equivalence). Find the sharp constants ¢, and C,, such that
crllxll, <Ixl, <Culixll,  xeCh).
Identify nonzero vectors attaining equality in each bound.

Theorem 1.3 (Cauchy-Schwarz). Forx,y € C",

1= )l < X1l M1yl -

Proof. If y = 0 there is nothing to prove. Otherwise subtract the projection of x onto y and use

nonnegativity:

2 2

@&y (x,y)
Iyl; Iyl;

Rearranging gives the claim. O

0<|x

y

2
= [xl; -
2

Cauchy-Schwarz supplies the triangle inequality for |-|,: expanding ||x + y||§ and bounding
the two cross terms gives (||x||, + [lyll)*>. The remaining norm axioms are immediate, so this also
completes the standard proof that |-|, is a norm.

1.2.1 Pythagoras and orthogonal decompositions

If x; 1 x,, then

2
% + X5 = (X1 + X5, %1 +X5)

2 2
=[xl + 1%l »

because the cross terms vanish. More generally, for mutually orthogonal x4, ... , X,

k k 5
S| =S »
j=1 j=1

This identity explains why orthogonal coordinates are so valuable computationally: the size of a sum
is recovered without cancellation-prone cross terms.

2

2
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1.2.2 Matrix norms

One can regard a matrix simply as a vector with two indices. Vectorizing its entries therefore gives
the entrywise norms
AL, = [vec(A)]], -

A mixed entrywise norm may first measure each column in ¢P and then measure the resulting vector

in #4:
n m q/p /g
IAll,, = (Z (Z 'aij|p) ) ; (1.7)

j=1\i=1

with the usual maximum replacing a sum when an exponent is infinity. The particularly important
case p = q = 2 is the Frobenius norm,

m n
2 2
Al =D > |ai;|” = tr(A*A).
i=1j=1
It comes from the Frobenius inner product
(A,B), = tr(B*A).

The operator viewpoint leads to a different and often more useful construction. For 1 < p < oo,
define the induced matrix norm by
lAx],

=Ssup ———
x#0 ”X”p

(1.8)

Equivalently, this is the smallest constant C for which [|Ax|| p < C x| P for every x.

Problem 1.6 (Induced 1- and co-norm formulas). Let A € C™*" have columns ¢, ..., ¢, and
IOWS 17, ..., I},. Prove that A : C" — C™ satisfies,

Al, = max ”c} Al = max |r;, .
Al = max | 1All,, = max [,

>
1

Problem 1.7 (Matrix-norm submultiplicativity). A matrix norm ||| is submultiplicative if
|AB|| < ||A]l||B]| for every conforming pair, including rectangular matrices. Prove that

1. every induced p-norm, 1 < p < o0, is submultiplicative;
2. the Frobenius norm is submultiplicative.

For induced norms, submultiplicativity follows immediately from the defining operator inequality:

|AB, < A, B, -

Example 1.4 (Computing an induced 2-norm). Let

A:(—f ‘21).
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5 4
* —
wa=(3 )

Then

Forx = (xl,xz)T,
2 2 2 —
A5 = 5(|x1| + [x,] )+ 8 Re(X7x,)
2 2 2
< (|11 + 1x2]%) = 9 15 -

Equality is obtained, for example, when x; = x, # 0. Hence |A|, = 3. Chapter 2 will explain this
calculation through singular values. B

1.2.3 Equivalence of norms

Theorem 1.5 (Equivalence of finite-dimensional norms). If V is finite-dimensional and |||, [|-||, are
two norms on V, then there are constants c, k > 0, independent of x, such that

clx|, < ||x||+ < kx|, foreveryx e V.

The finite-dimensional hypothesis is essential. The theorem says that no finite-dimensional norm
has a fundamentally different notion of smallness, although the constants can depend strongly on
the dimension. That dependence is why the choice of norm still matters in estimates.

For example,

1
— [Ixll, < lIxll, < I, - (1.9)
n

The right inequality follows by expanding ||x||f; the left is Cauchy-Schwarz applied to the vectors
(I%1] 5 ... » |x,)T and (1, ..., 1)T. Both constants are sharp: a one-sparse vector gives equality on the
right, while a vector whose entries have equal modulus gives equality on the left.

Guided exercise 1.6. For A € C™*", prove the sharp induced-norm comparison
L
Jm

For sharpness, test a matrix with one nonzero column consisting entirely of ones, and a matrix with
one nonzero row consisting entirely of ones.

IAl, < A, < VrllAl, -

1.3 Unitary and orthogonal matrices

Definition 1.7. A matrix U € C"" is unitary when U*U = I. A real matrix satisfying UTU = I is
called orthogonal.

The columns of a unitary matrix form an orthonormal basis of C". Because a square matrix with
a left inverse is invertible,
Ul = U%, UU* =L (1.10)

Problem 1.8 (Triangular unitary matrices are diagonal). Prove that a square matrix that is
both triangular and unitary must be diagonal. Show also that every diagonal entry has modulus
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Problem 1.8 (continued).
one.

Problem 1.9 (Unitary invariance of vector and matrix norms).

1. If U € C™" is unitary, prove that [|Ux|, = ||x]|, for every x.
2. Prove that the induced 2-norm and the Frobenius norm satisfy
[UAV] = |A]|
for all matrices A and all conforming unitary U, V.
3. If W € C™*" satisfies W*W = I,,, prove that |[Wx||, = [ x|/, even when m # n.

In particular,
|Ux]; = x*U*Ux = ||x]l;.

Thus unitary matrices are isometries. Real orthogonal matrices describe rigid rotations and reflections
fixing the origin; unitary matrices are the complex analogue, also allowing changes of complex phase.

1.4 Projection matrices

Suppose that V, W C CV are complementary subspaces:
cN=vew.

Every x has a unique decomposition x = v + w with v € V and w € W. The map
Pv+w)=v

is the projection onto V along W. Its range is V, its kernel is W, and the complement condition is
what makes it defined uniquely on the whole ambient space.

Theorem 1.8 (Existence and uniqueness of a projection). If VN W = {0}and dimV + dim W = N,
then there is a unique P € CN*N with range(P) = V and X (P) = W.

Problem 1.10 (A projection is determined by range and kernel). Let P be a projection with
range V and kernel W. Prove directly that any other projection with the same range and kernel
equals P.

To make the construction explicit, let the columns of V € CN*" pe a basis of V and the columns
of W € CNX(N=7) 3 basis of W. Then [V W] is invertible, and

P=[V Onwn][V W] . (1.11)

The formula first finds the coordinates of x in the combined basis, then discards its W-coordinates.

Theorem 1.9 (Algebraic characterization). A square matrix P is a projection if and only if

P2 =P.
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Proof. A projection acts as the identity on its range, so applying it twice has the same effect as applying
it once. Conversely, if P? = P, then
x=Px+ (I-P)x.

The first term lies in range(P), the second lies in K(P), and their intersection is {0}. Thus these spaces
are complementary and P is their associated projection. O

A general projection can increase Euclidean length substantially when its range and kernel are
nearly aligned. The distinguished case occurs when they are orthogonal.

Problem 1.11 (Constructing an oblique projector of prescribed norm). Let M € [1, x)
and n > 2. Construct explicitly a projection P € C™" such that |P||, = M, and verify both its
idempotence and its norm.

Definition 1.10. An orthogonal projector is a projection satisfying

XK (P) = range(P)".

Problem 1.12 (Hermitian idempotents are orthogonal projectors). Starting from the ge-
ometric definition above, prove that a projection P is an orthogonal projector if and only if P is
Hermitian.

Theorem 1.11. A matrix P is an orthogonal projector if and only if
P> =P and P* =P.

For every x it also satisfies |[Px|, < [|x],.

Proof. For an orthogonal projector, x = Px + (I — P)x is an orthogonal sum. Pythagoras gives
%15 = IPx]; + X~ P)xIl;,

which proves nonexpansiveness. In orthonormal bases adapted to the range and kernel, P has diagonal
form diag(1, ..., 1,0, ...,0), hence is Hermitian. Conversely, if P is Hermitian and idempotent, then
forv=Pxand w € X(P),

(v,w) = (Px,w) = (X, P*W) = 0.

Thus its range is orthogonal to its kernel. O
Problem 1.13 (Orthogonal projection minimizes distance). Let P be the orthogonal projec-
tor onto a subspace V' C C". For every x € C", prove that

— Px|, = min [x — v], .
|x - Px|, = min |lx — v,
Identify which v € V achieves equality.

Guided exercise 1.12. Let q, ..., q, be orthonormal and set Q = [q; --- q,]. Show that P = QQ* is
the orthogonal projector onto range(Q). Identify I — P geometrically.
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1.5 Permutation matrices

A permutation is a bijection 7 : {1,...,n} — {1,...,n}. When viewed as a map on the indices of a
vector, this induces a linear operator that permutes coordinates of a vector, represented by the matrix
P determined by

Pej = eﬂ(j).

Its columns are a rearrangement of the standard orthonormal basis, so every permutation matrix is
unitary (and, being real, orthogonal):
P* =P

Products of permutation matrices are again permutation matrices, reflecting composition of the
underlying bijections. These matrices will later encode row and column exchanges.

Guided exercise 1.13. Write the 3 X 3 matrix associated with the cycle 1 - 2,2 — 3,3 — 1.
Compute its inverse in two ways: from the inverse permutation and from its transpose.

Problems for Chapter 1

The following statements repeat the problems from their inline locations. Each return link leads
back to the first occurrence.

Problem 1.1 (Matrix multiplication as inner and outer products). Let A € CX*" and
B € C™*L. Using only the entrywise definition (1.1), prove the following statements.

1. If the rows of A are r;; and the columns of B are c,, then

(AB)kg = rzcg.

2. If C € CX*" has columns ¢; and R € C"™L has rows r}, then

n
CR = Z cjrjf.
=1

3. Determine and justify the maximum possible rank of CR in terms of K, n, L.

Return to the inline occurrence of Problem 1.1.

Problem 1.2 (Fundamental-subspace inclusions for a product). Let A and B have conforming
sizes. Prove that

1. range(AB) C range(A);

2. corange(AB) C corange(B);
3. X(AB) 2 X(B);

4. coker(AB) D coker(A).

Return to the inline occurrence of Problem 1.2.
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Problem 1.3 (Sherman-Morrison rank-one update). Letu,w € C" be nonzero.

1. Prove that I + uw™ is singular if and only if w*u = —1.

2. If w*u # —1, prove that (I + uw*)~! — I has rank one and find an explicit formula for the
inverse.

3. Let A € C™" be invertible. Give a necessary and sufficient condition for A + uw™ to
be invertible. When it is invertible, derive a formula expressing its inverse as a rank-one
perturbation of A=,

Return to the inline occurrence of Problem 1.3.

Problem 1.4 (When ||Ax| is anorm). Let A € C™*" and let |-|| be any norm on C". Determine
necessary and sufficient conditions on A (possibly including conditions on m and/or n) under which

x — || AX]|

is anorm on C", and prove your claim.

Return to the inline occurrence of Problem 1.4.
Problem 1.5 (Sharp ¢*-¢2? equivalence). Find the sharp constants c, and C,, such that
e Xl < IIxll, < Cullxll,  xeC).

Identify nonzero vectors attaining equality in each bound.
Return to the inline occurrence of Problem 1.5.

Problem 1.6 (Induced 1- and co-norm formulas). Let A € C™*" have columns ¢, ..., ¢, and
rows 17, ..., ry,. Prove that A : C" — C™ satisfies,

Al, = max Hc” Al = max |, .
Al = max o] . Al = max ri],

1 bl
Return to the inline occurrence of Problem 1.6.

Problem 1.7 (Matrix-norm submultiplicativity). A matrix norm |-|| is submultiplicative if
|AB| < ||A]l ||B] for every conforming pair, including rectangular matrices. Prove that

1. every induced p-norm, 1 < p < o0, is submultiplicative;

2. the Frobenius norm is submultiplicative.

Return to the inline occurrence of Problem 1.7.

Problem 1.8 (Triangular unitary matrices are diagonal). Prove that a square matrix that is
both triangular and unitary must be diagonal. Show also that every diagonal entry has modulus
one.

Return to the inline occurrence of Problem 1.8.

Problem 1.9 (Unitary invariance of vector and matrix norms).

1. If U € C™" is unitary, prove that [|[Ux|, = [|x||, for every x.
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Problem 1.9 (continued).
2. Prove that the induced 2-norm and the Frobenius norm satisfy

[UAV] = [|A]

for all matrices A and all conforming unitary U, V.

3. If W € C"™*" satisfies W*W = I;, prove that |[Wx|, = ||x||, even when m # n.

Return to the inline occurrence of Problem 1.9.

Problem 1.10 (A projection is determined by range and kernel). Let P be a projection with
range V and kernel W. Prove directly that any other projection with the same range and kernel
equals P.

Return to the inline occurrence of Problem 1.10.

Problem 1.11 (Constructing an oblique projector of prescribed norm). LetM € [1,)
and n > 2. Construct explicitly a projection P € C™" such that |P|, = M, and verify both its
idempotence and its norm.

Return to the inline occurrence of Problem 1.11.

Problem 1.12 (Hermitian idempotents are orthogonal projectors). Starting from the ge-
ometric definition above, prove that a projection P is an orthogonal projector if and only if P is
Hermitian.

Return to the inline occurrence of Problem 1.12.

Problem 1.13 (Orthogonal projection minimizes distance). Let P be the orthogonal projector
onto a subspace V' C C". For every x € C", prove that

Xx—Px|,=min|x—-v|,.
| — Pxil, = min |x — v,

Identify which v € V achieves equality.
Return to the inline occurrence of Problem 1.13.



Chapter 2

Spectral Structure and the Singular
Value Decomposition

Before addressing algorithms for computing eigenvalues, we discuss what eigenvalues reveal, what
they fail to reveal, and which matrix structures make them especially useful. This chapter develops
similarity, Hermitian and normal spectral theory, variational characterizations, and the singular
value decomposition (SVD).

2.1 Eigenvalues, eigenvectors, and eigenspaces
Definition 2.1. Let A € C"*". A scalar-vector pair (4,v) € C X (C" \ {0}) is an eigenpair when
Av = Av. (2.1)
The set of eigenvalues is the spectrum, denoted spec(A). For an eigenvalue 4, its eigenspace is
E; = X(A = 2I).

The zero vector belongs to every eigenspace but is not itself an eigenvector. Even when A is real,
its eigenvalues and eigenvectors may be complex. Over C, the characteristic polynomial

pa(z) = det(zI — A)

has degree n, so A has n eigenvalues when algebraic multiplicity is counted. Finding the roots of this
polynomial is valuable on paper but is a poor blueprint for a numerical eigensolver.
The algebraic multiplicity a; is the multiplicity of 4 as a root of p,. The geometric multiplicity is

g1 = dlmE/l

We always have 1 < g; < a;. An eigenvalue is simple when a; = g; = 1 and defective when g; < a;.
A matrix with a defective eigenvalue is called defective.

Proposition 2.2. Eigenvectors belonging to distinct eigenvalues are linearly independent. Every
eigenspace is invariant under A.

13
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Proof. For invariance, if x € E;, then Ax = Ax € E;. For independence, suppose vy, ..., Vi
correspond to distinct eigenvalues and take a nontrivial relation Zle c¢jvj = 0. If the eigenvectors

were linearly depedent, then not all the ¢; can be zero; without loss assume ¢; # 0. Applying A — A1
removes the last term and gives a shorter relation

k-1
Z C](/‘l] - /‘Lk)Vj =0.
Jj=1
Repeatedly applying this argument implies that ¢; = 0, achieving a contradiction. t

Problem 2.1 (Spectrum and diagonalization of a projection). Let P € C"*" be a projection
of rank r, where 0 < r < n. Determine its eigenvalues and their algebraic multiplicities. Prove that
every projection is diagonalizable and construct an eigenbasis from vectors in its range and kernel.

Problem 2.2 (Gershgorin discs). Let A = (q;;) € C"" and define

Di={Z€C

|Z—aii|SZ|aij|}, 1<i<n.
JF

Prove that "
spec(A) C U D;.

i=1
2.2 Similarity and diagonalization
Definition 2.3. Matrices A, B € C™" are similar if there is an invertible S such that
B = ST!AS.

Similar matrices represent the same linear operator in different bases. If vy, ..., v, are linearly
independent eigenvectors, set

V=][v; - V], A = diag(4,, ..., 4,).
Writing all eigenvector equations at once gives
AV =VA. (2.2)

Since V is invertible,
A =VAV, A =VIAV. (2.3)

Theorem 2.4. A square matrix is diagonalizable if and only if it is not defective, or equivalently, if and
only if it has a basis of eigenvectors.
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Problem 2.3 (Determinant and trace from eigenvalues). Let A € C"*" have eigenvalues
A, ..., Ay, counted with algebraic multiplicity. Prove that

detA) =4, (A=) 2.
j=1 j=1

Your argument must also cover defective matrices. Deduce that, when A is invertible, det(A™!) =
1/ det(A).

Similarity preserves the characteristic polynomial because

det(zI — ST'AS) = det(S7'(zI — A)S)
= det(zI — A).

Thus it preserves eigenvalues, including algebraic multiplicity, whether or not the matrix is diagonal-
izable. In particular,

det(A) = [ 4;» tr(A) = D" 4. (2.4)
j=1 j=1

Defective matrices do not admit (2.3), but they possess a more delicate canonical form. For
each distinct eigenvalue 4;, write a; = a, and g; = 81;- There exist positive Jordan-block sizes
Sj,1> > Sj,g> determined by A up to their order, satisfying

8j
Z Sj,€ = (lj.
=1

Then A = VIV~ for an invertible V, where
8j
I= @@(Ajlsm +N3j,6’)’ (2:5)
j oe=1

. . - . (1 1V.
and Nj; has ones on its first superdiagonal and zeros elsewhere. The familiar matrix ( 0 1) is the

simplest defective Jordan block. Jordan form is structurally revealing, but a unitary change of
coordinates is preferable for numerical geometry.

For vectors x € C"™ and y € C", their tensor product x ® y € C™" is obtained by stacking the
vectors x;y. For matrices A = (aj,) € C"™™ and B € C"™", the Kronecker product A @ B is the
m x m block matrix whose (j, k) block is a;B.

Problem 2.4 (Kronecker-product eigenpairs). Suppose A € C"™™ and B € C™" are
diagonalizable. Express all eigenvalues and an eigenbasis of A @ B in terms of eigenpairs of A
and B.

2.3 Hermitian matrices and the spectral theorem

Definition 2.5. A matrix A € C"" is Hermitian when A = A*. A real Hermitian matrix is
symmetric.
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Theorem 2.6 (Spectral theorem for Hermitian matrices). A matrix A is Hermitian if and only if its
eigenvalues are real and it has an orthonormal basis of eigenvectors. Equivalently, there are a unitary U
and a real diagonal A such that

A = UAU*. (2.6)

A matrix A is skew-Hermitian when A* = —A.

Problem 2.5 (Spectral theorem for skew-Hermitian matrices). Let A € C"*" be arbitrary.
Prove that A is skew-Hermitian if and only if it is unitarily diagonalizable and every eigenvalue is
purely imaginary (with zero allowed).

If u; is the jth column of U, then

n
j=1

This expansion gives a geometric interpretation: resolve a vector in an orthonormal frame, scale its
Jjth coordinate by 4;, and rotate back.
The spectral radius is

p(A) = [max 4]

For Hermitian A, orthonormal coordinates and Pythagoras show that
% 2 2
2 2
lax|; = 2 1" [(x )l < p(a)? x5
j=1

Equality at an eigenvector belonging to an eigenvalue of largest modulus gives

[All, = p(A). (2.8)

2.3.1 Positive definiteness, energy norms, and square roots

A Hermitian matrix is positive definite when every eigenvalue is strictly positive, and positive semidefi-
nite when every eigenvalue is nonnegative. For a positive-definite matrix, the formula

Ix], = Vx*Ax (2.9)
defines a norm. Indeed, if x = Zj c;u;, then
& 2
X*Ax = Z/‘lj |C]| >0
=1

for nonzero x, and (2.9) is the Euclidean norm after the coordinate scaling ¢; — 4/ 4jc;.

The same scaling constructs the unique positive-definite square root:

AY2 = Udiag(\/1y, ... ,\/A,)U*. (2.10)

It satisfies (A/2)? = A. Positivity fixes the choice of scalar square root and hence gives uniqueness
among positive-definite square roots.
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2.3.2 Quadratic forms and spectral subspaces

For Hermitian A, the real-valued function
Qa(X) = x*Ax

is its Hermitian quadratic form. Partition an orthonormal eigenbasis according to positive, negative,
and zero eigenvalues, and let V*, V—, and V° be the spans of the respective groups. Then
cCh=VvteV- eV,
and
>0, xeV*t\{o},
Qa(x)1<0, xeV~\{o},
=0, xe VO

then

More generally, if x = Zj cjuj,

Qa(x) = Z/lj |Cj|2-
J

Thus the spectrum records the sign geometry of a Hermitian quadratic form. Notice, however, that
V% = K (A) need not be the complete zero set of Q4: when A is indefinite, positive and negative
spectral components can cancel and produce nonzero isotropic vectors.

2.4 Rayleigh quotients and variational eigenvalue formulas

For any A € C™*" and nonzero x, define the Rayleigh quotient
x*Ax

. 2.11
o (2.11)

Ra(x) =
It is unchanged by nonzero scaling of x, and an eigenpair satisfies R4 (v) = A. The numerical range is

W(A) = {Ra(x) | x # 0}.

Equivalently, it is enough to use unit vectors. Hence spec(A) C W(A).
Theorem 2.7 (Toeplitz—Hausdorft). The numerical range W(A) is a compact, convex subset of C.

Compactness follows because the unit sphere is compact and the Rayleigh quotient is continuous
there. Convexity is more subtle. For Hermitian matrices, however, the whole set is immediately
visible from the spectral expansion. Writing a unit vector as x = Zj cju; gives

n n
Ra® =Y 4l Yl =1 (2.12)
j:] j:l

Thus the quotient is a convex combination of the eigenvalues. If they are ordered 14, < --- < 4, then
A SRAX) < 4p, W(A) =[4,4,] (2.13)
For a general square matrix, define its numerical radius and Hermitian part by
A+ A"

w(A) = sup |z[, H(A) = I
zeW(A)
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Problem 2.6 (Numerical-range identities). Let A € C"™*".
1. Prove that p(A) < w(A) < [|A],.

2. For 6 € R, prove that W(el®A) = W (A).
3. Prove that W(A*) = {z|z € W(A)}

4. Show that W(H(A)) is the interval obtained by projecting W(A) onto the real axis, and
express its endpoints through the extreme eigenvalues of H(A).
i0

For a direction e'°, set

Hy = H(e™®A).

Then A,,,,(Hp) is the support value max, ey (a) Re(e~z). If x4 is a corresponding unit eigenvector,
the Rayleigh quotient x3;AxX, is a boundary point whose supporting line has outward normal ei®.

Problem 2.7 (Computing a numerical range by support lines). Design and implement an
algorithm that samples angles 6 and uses the largest eigenpair of Hy to approximate the boundary
of W(A). Give pseudocode, explain how angular resolution affects the output, and test at least
three matrices, including nilpotent Jordan blocks of at least three sizes.

For the size-s nilpotent Jordan block J;(0), investigate and justify the disk suggested by the compu-

tation. More generally, if
1= @A),
¢

describe W(J) Explain why this description of W(J) does not in general determine W(A) for a
matrix merely similar to J.

The interior eigenvalues also have variational descriptions.

Theorem 2.8 (Courant-Fischer min-max theorem). Let A be Hermitian with A, < --- < A,. For
1<k<n,

A= min max R , 2.14

kKT vcen xen\io) A®) 2.14)
dimV=k

A = max min Ra(X). 2.15

k vech  xel\[o) A®Xx) 215
dimV=n—k+1

The first outer extremum is attained by
V = span{uy, ..., u;},

and the second is attained by
V = span{ug, ..., u,}.

For the first formula, every k-dimensional V contains a nonzero vector orthogonal to uy, ... , w,_;.
Its Rayleigh quotient is at least 1;.. On the proposed extremizing subspace, every quotient is at most
A. These two inequalities prove (2.14); the second formula follows by the symmetric argument.

If Q € C™*" has orthonormal columns, then B = Q*AQ is a compression of A. Applying the
min-max theorem to the subspace range(Q) yields the following consequence.
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Problem 2.8 (Rayleigh-Ritz exactness). Let A € C"*" and let Q € C"*P have orthonormal
columns. Suppose Av = Avand v € range(Q). Prove that ¢ = Q*vis an eigenvector of Q*AQ with
eigenvalue 4, and that v = Qc. Explain why the converse requires the Ritz residual AQc — 1Qc to
vanish.

Theorem 2.9 (Cauchy interlacing). Let A € C™*" be Hermitian with eigenvalues 1; < --- < 4,. If an
(n—1) X (n — 1) compression B has eigenvalues u, < --- < u,_;, then

A.JS,LLJSA]_H, 1S]Sl’l—1

Guided exercise 2.10. Use (2.12) to prove that R4 (x) = 4, exactly when x lies in the 1, eigenspace
(allowing multiplicity). State and prove the analogous claim for 4,,.

2.5 Normal matrices and Schur form

Definition 2.11. A square matrix is normal when it commutes with its adjoint:
AA* = A*A.

Hermitian and unitary matrices are important examples. Normality is precisely the algebraic
condition that guarantees a unitary eigenvector basis.

Every complex square matrix has an eigenvector. After normalizing one such vector, it can be
completed to an orthonormal basis; induction on the remaining compression suggests the following
triangularization.

Problem 2.9 (Proving Schur decomposition). Let A € C"*". Prove that there are a unitary
U and an upper-triangular T such that

A = UTU*.

Theorem 2.12 (Schur decomposition). For every A € C™ ", there are a unitary U and an upper
triangular T such that
A = UTU*. (2.16)

Unitary similarity preserves normality. A direct entrywise argument shows that a triangular
normal matrix must be diagonal.

Problem 2.10 (Spectral theorem for normal matrices). Prove that a complex square matrix
is unitarily diagonalizable if and only if it is normal.

Theorem 2.13 (Spectral theorem for normal matrices). A complex square matrix is unitarily diago-
nalizable if and only if it is normal.

Indeed, applying the triangular-normal observation to the Schur factor T proves one implication.
Conversely, A = UAU* plainly commutes with its adjoint.
For a normal matrix, the induced 2-norm, spectral radius, and numerical radius

w(A) = max
(A) zeW(A)lZl
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all coincide. Normality is also equivalent to
|Ax], = |[A*x|, for every x.
It is further equivalent to the existence of a unitary Z such that
A=A"Z (2.17)

Indeed, a unitary diagonalization permits the phases of the eigenvalues to be placed in Z. Conversely,
(2.17) gives
AA* = (A*Z)(Z*A) = A*A.

These statements explain the special role of normal matrices: up to a rigid unitary change of coordi-
nates, their action is completely described by their eigenvalues.

2.6 The singular value decomposition

Diagonalization is restricted to square matrices and can require a badly distorted eigenvector basis.
The SVD instead uses independent unitary changes of coordinates in the input and output spaces,
and therefore applies to every matrix.

Theorem 2.14 (Singular value decomposition). For every A € C™*", there are unitary matrices
U e C™"" and V € C™" such that
A = USV*, (2.18)

where £ € C™*" is diagonal with entries

020,220, 20, p = min{m, n}.

The o are the singular values, the columns u; of U are left singular vectors, and the columns v; of V
are right singular vectors.

Construction when m > n. The Gram matrix A*A is Hermitian positive semidefinite, because
x*A*Ax = |Ax]3 > 0.

Choose an orthonormal eigenbasis vy, ..., v,, with eigenvalues o > --- > g2 > 0. If r = rank(A),
define, only for1 < j <,

u;=—.
gj
Fori,j<r,
u,u) = —— =9,
J 0i0; J

so these left singular vectors are orthonormal. Complete them to an orthonormal basis of C™. For
Jj>r Av; =0, and hence the column relations combine into AV = UZX. Right multiplication by V*
gives (2.18). The case m < n follows by applying the construction to A*. O
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The singular values are unique. Singular vectors are not: paired complex phases may be changed,
and within a repeated positive singular-value subspace the corresponding left and right bases may
be changed by the same unitary transformation. The left and right nullspace bases may be chosen
independently.

The outer-product form is

p
A= Z crjujvj. (2.19)
j=1
If r = rank(A), exactly r singular values are positive, and deleting the zero terms gives the reduced

SVD
,
A=TzV* =) ojuvi. (2.20)
j=1

Problem 2.11 (Eigenvalues versus singular values). Let A € C"™*".

1. If A is Hermitian positive semidefinite, prove that its eigenvalues and singular values agree
when both are ordered nonincreasingly.

2. If A is normal, prove that its singular values are the moduli of its eigenvalues, counted with
multiplicity and arranged nonincreasingly.

For the second statement, write A = UAU*. Then A*A = U |A|* U*. For a nonnormal matrix
there is no such direct correspondence between eigenvalues and singular values.
Unitary invariance of the Euclidean norm immediately gives

A, = 0. (2.21)

Problem 2.12 (Frobenius norm from singular values). Let A € C"™" and let ¢ =
(o, ..., Gp)T, where p = min {m, n}. Prove that

p
2 2
IAl7 = D) o7 = |oll;.
j=1

The minimum gain of a square matrix is

IAxl,
o T, | omn

Problem 2.13 (An inf-sup characterization of o,,,;,). For A € C"*" define

[x*Ayl

B = infyzo SUPyLoT——-
X720 TR0 Ik, Ty,

Show that 8 = 0,,;,(A) and hence that § > 0 if and only if A is invertible. Treat separately the
case in which the vector whose direction would maximize the inner product is zero.
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Problem 2.14 (Singular-value interlacing under compression). Let A € C™*"and Q €
Cm-Dxm gatisfy QQ* = I,,_;. Write the singular values of A as g; > --- > o, > 0, where
p = min{m,n}, and those of QA as y; > .-+ > ug > 0, where ¢ = min{m — 1,n}. Prove the
interlacing bounds

Oj 2 Mj 2 0ji1, 1<j<q,

using the convention o,,,; = 0.

Problem 2.15 (Full-rank matrices are dense). Let A € C™*" let ||-|| be any matrix norm, and
let € > 0. Prove that there is a matrix B of rank min {m, n} such that

IB— Al <e.

A factorization A = US with U unitary and S Hermitian positive semidefinite is a right polar
decomposition; a factorization A = RU is a left polar decomposition.

Problem 2.16 (Unitary logarithms and polar decomposition).

1. Prove that every unitary U € C™ " can be written as U = ¢/® for a Hermitian @. (Since ©®
is unitarily diagonalizable, we interpret e‘® through the usual functional calculus where
0@ — ¢© is computed by shifting the complex exponential to operate on the individual
eigenvalues.)

2. Let A € C™" be arbitrary. Prove that
A = Rel® = ¢i€5,

where R and S are Hermitian positive semidefinite and unitarily similar. Identify R and S in
terms of A.

If A is square and invertible, every singular value is positive and

A7l =vz-lUu*.

2.6.1 The four fundamental subspaces revisited
The SVD displays orthonormal bases for all four fundamental subspaces:
range(A) = span{uy, ..., u,},
coker(A) = K(A*) = spanf{u, 1, ..., W},
corange(A) = range(A*) = span{vy, ..., v,},
K(A) = span{v,,q, ..., Vy,}.

Thus a right singular vector describes an input direction, its singular value describes the stretching in
that direction, and the corresponding left singular vector describes the output direction.
For the reduced SVD define the Moore—Penrose pseudoinverse by

At = VE-1U*.
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Problem 2.17 (Moore-Penrose pseudoinverse). Let A € C™*" have rank r and pseudoinverse
as above.

1. Prove that A* = A~! when A is invertible.

2. Prove that AA*, ATA, I, — AA*, and I,, — AT A are orthogonal projectors. Identify their
ranges and kernels using the four fundamental subspaces.

3. Prove the identity A = AATA.
4. Determine exactly when A*A = I,, and when AA* =1,,,.

5. For nonzero A, decide whether a uniform perturbation bound can control the relative change

I(A + E)* — A7
1A+

by ||E| / ||A] for arbitrary small perturbations. Explain the role of rank changes.

2.7 Low-rank approximation

Low-rank matrices store less information and often isolate dominant structure. This makes them
useful for data compression, denoising, simplification, and interpretable modeling. Given k <
min {m, n}, consider

min [|A—B]J. (2.22)

Becmxn
rank(B)<k

Definition 2.15. A matrix norm is unitarily invariant when
1Al = QAZ]|

for all unitary Q, Z of appropriate sizes. Such a norm depends only on the singular values. Both the
induced 2-norm and Frobenius norm are unitarily invariant.

For 0 < k < rank(A), define the truncated SVD

k
Ay = Z ojujv}k, (2.23)
j=1

with AO =0.

Problem 2.18 (Eckart-Young in the induced 2-norm). Let A € C"™*" and 0 < k < rank(A).
Prove that the truncated SVD (2.23) is a minimizer of

min ||A - BJ,
rank(B)<k

and that the minimum value is o, ;. Do not assume the minimizer is unique. For the lower bound,
use dim K(B) > n — k to find a unit vector in both K (B) and span{vy, ..., Vi, }.

Theorem 2.16 (Eckart-Young-Mirsky). Let k < rank(A). For every unitarily invariant norm, a
solution of (2.22) is the truncated SVD (2.23).
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The theorem says that the best approximation is obtained by retaining the k strongest input-output
directions and discarding the rest. In particular,

IA = Agll, = Oisrs
p 1/2
— 2
1A — Al = ( > oj) :
Jj=k+1

For the Frobenius norm the minimizer is unique exactly when o, > o, ;; uniqueness for a general
unitarily invariant norm requires additional care.

Guided exercise 2.17. Use the orthogonality of the rank-one matrices u;v; in the Frobenius inner
product to derive the displayed Frobenius error formula. Explain geometrically why a repeated value
Ok = Ok41 permits more than one optimal rank-k subspace.

2.7.1 Principal component analysis

Let B = [b; --- b,] € C"™*" be a data matrix whose columns are observations. Define the sample

mean and centered matrix by

b0=1ij A =B-byl*

where 1* is the 1 X n row of ones. If U contains the first k left singular vectors of A, then PCA uses
the “scores” ¢; = Uy (b; — b,) and reconstructions/approximations f)j = Uic; + by

Problem 2.19 (Principal component analysis). With the centered data matrix and notation
above, let Py = UU* for any matrix U with orthonormal columns.

1. Prove that p
PUkA = Z O'juJ'V;.
j=1
2. Prove that Py, A is a solution of

min ||A — PyA|? .
Uecmxk
U*U=I

3. For a k-dimensional subspace V, define
e 2
vary(B) = 3 HPV(bj - b0)||2.
j=1

Prove that V' = span{u,, ..., u;} maximizes this variance over all k-dimensional subspaces.

Problem 2.20 (Eigenfaces and low-rank data experiments). Use the Yale Face Database
dataset on Kaggle, or an equivalent labeled face dataset, for the following reproducible experiments.
State the dataset, preprocessing, selected observations, values of k, and error measure.



https://www.kaggle.com/datasets/olgabelitskaya/yale-face-database
https://www.kaggle.com/datasets/olgabelitskaya/yale-face-database
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Problem 2.20 (continued).

1. Treat each of several grayscale images separately as a matrix. Plot rank-k truncated-SVD
approximations for several k and report the reconstruction error. This is image compression
by low-rank SVD, not PCA.

2. Vectorize a collection of images as columns of a data matrix, subtract the sample mean, and
compute centered rank-k PCA reconstructions. Compare reconstruction accuracy across
several k with the single-image experiment.

3. Plot the centered PCA scores in two and three dimensions. Describe any visible relationship
between the embeddings and available face labels.

Explain that a rank-k factored approximation to an m X n matrix uses O(k(m + n)) storage rather
than O(mn).

Problems for Chapter 2

The following statements repeat the problems from their inline locations. Each return link leads
back to the first occurrence.

Problem 2.1 (Spectrum and diagonalization of a projection). Let P € C™*" be a projection
of rank r, where 0 < r < n. Determine its eigenvalues and their algebraic multiplicities. Prove that
every projection is diagonalizable and construct an eigenbasis from vectors in its range and kernel.

Return to the inline occurrence of Problem 2.1.

Problem 2.2 (Gershgorin discs). LetA = (q;;) € C™" and define

I% = {Z eC

|Z—aii|SZ|aij|}, 1<i<n.
JF

Prove that

n
spec(A) C U D;.

i=1

Return to the inline occurrence of Problem 2.2.

Problem 2.3 (Determinant and trace from eigenvalues). Let A € C"™*" have eigenvalues
ALy ... » Ay, counted with algebraic multiplicity. Prove that

det(A) = [ 4;» tr(A) = D" 4.
j=1 j=1

Your argument must also cover defective matrices. Deduce that, when A is invertible, det(A™!) =
1/ det(A).

Return to the inline occurrence of Problem 2.3.

Problem 2.4 (Kronecker-product eigenpairs). Suppose A € C™™ and B € C"*" are diag-
onalizable. Express all eigenvalues and an eigenbasis of A ® B in terms of eigenpairs of A and
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Problem 2.4 (continued).
B.

Return to the inline occurrence of Problem 2.4.

Problem 2.5 (Spectral theorem for skew-Hermitian matrices). Let A € C"*" be arbitrary.
Prove that A is skew-Hermitian if and only if it is unitarily diagonalizable and every eigenvalue is
purely imaginary (with zero allowed).

Return to the inline occurrence of Problem 2.5.

Problem 2.6 (Numerical-range identities). Let A € C"™",
1. Prove that p(A) < w(A) < [|A]],.

2. For 6 € R, prove that W(el®A) = e®W(A).
3. Prove that W(A*) = {z|z € W(A)}.

4. Show that W(H(A)) is the interval obtained by projecting W(A) onto the real axis, and express
its endpoints through the extreme eigenvalues of H(A).

Return to the inline occurrence of Problem 2.6.

Problem 2.7 (Computing a numerical range by support lines). Design and implement an
algorithm that samples angles 6 and uses the largest eigenpair of Hy to approximate the boundary
of W(A). Give pseudocode, explain how angular resolution affects the output, and test at least three
matrices, including nilpotent Jordan blocks of at least three sizes.

For the size-s nilpotent Jordan block J;(0), investigate and justify the disk suggested by the computa-

tion. More generally, if
1=,
¢

describe W(J) Explain why this description of W(J) does not in general determine W(A) for a
matrix merely similar to J.

Return to the inline occurrence of Problem 2.7.

Problem 2.8 (Rayleigh-Ritz exactness). Let A € C"™*" and let Q € C™*P have orthonormal
columns. Suppose Av = Av and v € range(Q). Prove that ¢ = Q*v is an eigenvector of Q*AQ with
eigenvalue 4, and that v = Qc. Explain why the converse requires the Ritz residual AQc — 1Qc to
vanish.

Return to the inline occurrence of Problem 2.8.

Problem 2.9 (Proving Schur decomposition). Let A € C"*". Prove that there are a unitary U
and an upper-triangular T such that
A =UTU*.

Return to the inline occurrence of Problem 2.9.

Problem 2.10 (Spectral theorem for normal matrices). Prove that a complex square matrix is
unitarily diagonalizable if and only if it is normal.

Return to the inline occurrence of Problem 2.10.
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Problem 2.11 (Eigenvalues versus singular values). Let A € C"™",

1. If A is Hermitian positive semidefinite, prove that its eigenvalues and singular values agree
when both are ordered nonincreasingly.

2. If A is normal, prove that its singular values are the moduli of its eigenvalues, counted with

multiplicity and arranged nonincreasingly.

Return to the inline occurrence of Problem 2.11.

Problem 2.12 (Frobenius norm from singular values). LetA € C™*"andleto = (oy, ..., O'p)T,
where p = min {m, n}. Prove that

14
2 2
Il = D) 07 = lloll;-
j=1

Return to the inline occurrence of Problem 2.12.

Problem 2.13 (An inf-sup characterization of 7,,;,). For A € C"*" define

: [x*Ayl
B = infyso SUPyroT———-
X0 YOI, Ty,

Show that 8 = o,,;,(A) and hence that 8 > 0 if and only if A is invertible. Treat separately the case
in which the vector whose direction would maximize the inner product is zero.

Return to the inline occurrence of Problem 2.13.

Problem 2.14 (Singular-value interlacing under compression). Let A € C"™" and Q €
Clm=Dxm gatisfy QQ* = I,,_,. Write the singular values of A as g; > --- > o, = 0, where
p = min{m,n}, and those of QA as u; > -+ > u, > 0, where ¢ = min{m —1,n}. Prove the

interlacing bounds
O'jZ,UjZUj.H, 1<j<q,

using the convention g, = 0.

Return to the inline occurrence of Problem 2.14.

Problem 2.15 (Full-rank matrices are dense). Let A € C™*" let |-|| be any matrix norm, and
let € > 0. Prove that there is a matrix B of rank min {m, n} such that

IB—A| <e.

Return to the inline occurrence of Problem 2.15.

Problem 2.16 (Unitary logarithms and polar decomposition).

1. Prove that every unitary U € C™" can be written as U = ¢'© for a Hermitian @. (Since @ is
unitarily diagonalizable, we interpret '® through the usual functional calculus where ® > ¢'©
is computed by shifting the complex exponential to operate on the individual eigenvalues.)

2. Let A € C™*" be arbitrary. Prove that
A = Re'® = ¢5,
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Problem 2.16 (continued).

where R and S are Hermitian positive semidefinite and unitarily similar. Identify R and S in
terms of A.

Return to the inline occurrence of Problem 2.16.

Problem 2.17 (Moore-Penrose pseudoinverse). Let A € C"*" have rank r and pseudoinverse
as above.

1. Prove that AT = A~ when A is invertible.

2. Prove that AAt, A*A, I, — AAY, and I,, — A*A are orthogonal projectors. Identify their
ranges and kernels using the four fundamental subspaces.

3. Prove the identity A = AA*A.
4. Determine exactly when A*A = I,, and when AA* =1,,,.

5. For nonzero A, decide whether a uniform perturbation bound can control the relative change

I(A + E)" — A™||
1A+

by ||E| / |A] for arbitrary small perturbations. Explain the role of rank changes.

Return to the inline occurrence of Problem 2.17.

Problem 2.18 (Eckart-Young in the induced 2-norm). Let A € C"™*" and 0 < k < rank(A).
Prove that the truncated SVD (2.23) is a minimizer of

min [|A - B,
rank(B)<k

and that the minimum value is o ,. Do not assume the minimizer is unique. For the lower bound,
use dim X(B) > n — k to find a unit vector in both &(B) and span{vy, ..., Vi41}.

Return to the inline occurrence of Problem 2.18.

Problem 2.19 (Principal component analysis). With the centered data matrix and notation
above, let Py = UU* for any matrix U with orthonormal columns.

1. Prove that p
PUkA = Z O'jlle;.
Jj=1
2. Prove that Py, A is a solution of

min ||A — PyAl7 .
Uecmxk
U*U=Iy

3. For a k-dimensional subspace V, define

vary (B) = i HPV(bj - b0)||z.
j=1
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Problem 2.19 (continued).
Prove that V' = span{u,, ..., u;} maximizes this variance over all k-dimensional subspaces.

Return to the inline occurrence of Problem 2.19.

Problem 2.20 (Eigenfaces and low-rank data experiments). Use the Yale Face Database
dataset on Kaggle, or an equivalent labeled face dataset, for the following reproducible experiments.
State the dataset, preprocessing, selected observations, values of k, and error measure.

1. Treat each of several grayscale images separately as a matrix. Plot rank-k truncated-SVD
approximations for several k and report the reconstruction error. This is image compression
by low-rank SVD, not PCA.

2. Vectorize a collection of images as columns of a data matrix, subtract the sample mean, and
compute centered rank-k PCA reconstructions. Compare reconstruction accuracy across
several k with the single-image experiment.

3. Plot the centered PCA scores in two and three dimensions. Describe any visible relationship
between the embeddings and available face labels.

Explain that a rank-k factored approximation to an m X n matrix uses O(k(m + n)) storage rather
than O(mn).

Return to the inline occurrence of Problem 2.20.


https://www.kaggle.com/datasets/olgabelitskaya/yale-face-database
https://www.kaggle.com/datasets/olgabelitskaya/yale-face-database
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