Math 6610: Analysis of Numerical Methods, 1
Linear algebraic preliminaries

Department of Mathematics, University of Utah
Fall 2026

Resources:  Trefethen and Bau 1997, Lectures 1, 2, 3
Atkinson 1989, Sections 7.1, 7.3
Salgado and Wise 2022, Sections 1.1, 1.2
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Notation

We’ll use some standard math notation
« C,R,N
e €,V, 3!
« {zeC | Im{z} eN}
e z=z+iyforz,ye R = z=2"=x—1iy
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Notation

We’ll use some standard math notation

C R, N

e, v, 3,!

{zeC | Im{z} eN}
z=zxz+iyforz,yce R = z=2"=a—1iy

Vectors, matrices, etc:

ueCn

AceCm

linear independence
rank

(conjugate) transpose
determinant

matrix inverse

subspaces defined by A: range, kernel, cokernel, corange
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Hilbertian structure

C™ endowed with the standard inner product is a Hilbert space. If u,v € C",
+ (w,v), uf
o Z(u,v)
e ulyv
e Proj u
o orthogonal and orthonormal sets
All the above is also well-defined in R”.
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Matrices and matrix algebra

An m x n matrix A is a tableau of elements (from R or C):

Ay G o Gy
a a a
— 21 22 2n mxn
A= : . e cmxn,
A1 A2 Apn

A matrix is “just” a vector with “2D” indices.

(A)j,k = Gj k> VAS [m}vk € [n]

Matrices come with a natural algebra, i.e., sum and product operations involving matrices:

o Product of a scalar and a matrix
o Sum of two matrices (of the same size)

o Product of two matrices (of conforming sizes)

AcCmmBeC™ = ABeC™* (AB);, = a;by.
/=1

University of Utah Math 6610: LA preliminaries

DO01-S4(1)



The “four fundamental subspaces”

Let A € C™*™ be given. The four fundamental subspaces are uniquely defined:
o C™ D R(A) =range(A) =Im(A), the “column space” of A
o C" D R(A*) = corange(A), the “row space” or “corange” of A.
o C" D H(A) =ker(A), the “nullspace” or “kernel” of A
o C™ D H(A*) = coker(A), the “left nullspace” or “cokernel” of A.
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The “four fundamental subspaces”

Let A € C™*™ be given. The four fundamental subspaces are uniquely defined:
o C™ D R(A) =range(A) =Im(A), the “column space” of A
o C" D R(A*) = corange(A), the “row space” or “corange” of A.
o C" D H(A) =ker(A), the “nullspace” or “kernel” of A
o C™ D H(A*) = coker(A), the “left nullspace” or “cokernel” of A.

Essentially by definition: #(A) contains all vectors v satisfying Av = 0. Le., if wy,...,w,, € C" are
conjugate-transposed rows of A, then v is orthogonal to span{w,...,w}.
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The “four fundamental subspaces”

Let A € C™*™ be given. The four fundamental subspaces are uniquely defined:
o C™ D R(A) =range(A) =Im(A), the “column space” of A
o C" D R(A*) = corange(A), the “row space” or “corange” of A.
o C" D H(A) = ker(A), the “nullspace” or “kernel” of A
o C™ D H(A*) = coker(A), the “left nullspace” or “cokernel” of A.

Essentially by definition: #(A) contains all vectors v satisfying Av = 0. Le., if wy,...,w,, € C" are
conjugate-transposed rows of A, then v is orthogonal to span{w,...,w . }.

Theorem (Fundamental Theorem of Linear Algebra)

For any A € C™*",

n = dim corange(A) + dim ker(A), corange(A) L ker(A), C™ = corange(A) @ ker(A)
m = dimrange(A) + dim coker(A), range(A) L coker(A), C™ = range(A) & coker(A)
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Norms

, ' Bx « (104l £ O Il + (-9) Iyl
fecall A vy B I -0)y ?51

> -l caver

Metrizing linear spaces is a big business in mathematics.

Given a vector space V, amap |- | : V — R is a norm if it satisfies all the followmg properties:

e x| >0 vxeV

/ ~
e |x|=0iffx=0 M s %(%
o x4yl < Ixl+lyl VxyeV % Weedowy in
o Jex| = |c||x|| Yx €V, ceC.

We are mostly concerned with standard examples V' = R", C", C™*", e

el © Kl = [ x% X - %[l < )y~ 3[
o, f’] sy \“3\\ -l £ llx-ﬁu

e Ll =gl | € Ml 2

J Aés: (O#W; §

> ~lisll £ fIx-
?\\ Il xll lall-HX%\l

I+ [l ot
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Vector norms e Talle X- e - (',0,“’/' )

(
The “standard” examples of vector norms are the ¢ norms. (\ 'M L}‘ & Lo ‘ )
With x € C™: n\~ I X+6“ = (1 l) (QF
Ix[3 = Z |57, D E [1,00) 2.t },3 A m(i
Jj€[n]
ivj’ [%]lo = max EXD p=o0. |¥+ \3“9 g llkl( " “‘6“? }

o= MQ\

JIxit, - ¢ [ = 11+l gyl
= |, =
X‘uhz - W S—fi

XILEx %, 2 (.
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Vector norms

The “standard” examples of vector norms are the ¢ norms.

With x € C™:
g =l pe[l,0)
Jé€[n]
Ixloe += max|z,l, p=00.
Jj€n]
Example
Show that | - [, on C" is a norm.
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[ Ml =0 & Uxi,=0 v/
lea, = 1cld, v

So| [/
WS [N, e pom {"X‘“ }

L A Z
&, A - W:;: O E T R

’~<~SLK§

[ x+ ‘8“: = <X1‘3) W?? (fﬂ

= {xy + (X,BS fﬂ,z\ + {u, 63 (

(

p |1an+|16((’: i <x(35+<x1?*/ ] )
IR Z

= (/Y“f f “3’[71 ¢ |9 (Re <X,3B ol I P O P J2]
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Matrix norms CZ)V\(}GN\+ \/\/M(—(\rx ‘\ﬁ

o b} ‘f luﬁew

/
1AL, = vec(A)],, pellL oo

One straightforward class of matrix norms consists of “entrywise” norms:

/\W

where vec(-) is the vectorization function.

mxwn

s 94 : U’ | 0%>% Mw@c)

[
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™
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Matrix norms

One straightforward class of matrix norms consists of “entrywise” norms:
g y

| Al = [vec(A)] p el o,

P’
where vec(-) is the vectorization function.

There are “mixed” entrywise norm definitions, corresponding to taking ¢? vector norms of each column, and then a
vector /7 norm of the resulting vector of norms,

1AL = (;M (EZ Ia”p> L§ Mwe WLWVX

o ||
&( OLV\ - P 4”8 .

| \ ” &ﬂu s ol
Vol / N\g o m o
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Matrix norms

One straightforward class of matrix norms consists of “entrywise” norms:

IAl,, = Ivec(A)l,, p € [1,00],
where vec(-) is the vectorization function.

There are “mixed” entrywise norm definitions, corresponding to taking ¢* vector norms of each column, and then a
vector £7 norm of the resulting vector of norms,

Al = (z (z]mi,jp)q/p) " mdw 1

j€[n] \i€[m!
A particularly useful entrywise norm is the Frobenius norm, z

o
Az = ||A||2,2- = T(‘ C A—TA;B 7

5£q1

< {Th &

ALl
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Induced matrix norms

Lb /V\MM( norm BN ﬁr/\@/ W‘”f’b Sebsein

HOW\MA Sy -

A more conceptual collection of matrix norms are induced by vector norms.

By viewing A € C™*™ as the mapping x — Ax, norms can be defined as the maximum relative “size” of this
mapping: Q J—S sl Jroal xe \/
1N
gl sop WAl )
! Il X \\ev L

I, :

IR < Ay o

(Note that A can be rectangular here.) = lAdl <\l ’“\? I ’(“g

That these are proper norms is direct from the fact that [ - |, is a norm on C™. M Sheddn j_&

A - anid Bl
Il - e I z‘r“ M
‘ /MMM ﬂD/W\ umfﬁ%m@m

University of Utah Math 6610: LA prehmmarles D01-S9(1)



Norm equivalence &KU\M M’W ey, % %Jﬂl’\
I ll S o %” % 1 ' N u
not aI,w\nJud o seq ,Ma V

e(r 6). /ﬂ #f d

A rather important and useful fact is that any two norms on the same finite-dimensional vector space are equivalent

Theorem (All norms on a finite-dimensional space are equivalent)

Let V be an n-dimensional vector space, and let | - |, and | - |, be any two norms on this space. Then there are
strictly positive constants ¢ and k such that for all x € V,

| z !
— ‘ e
. < Il <klxl.. oIl £ 0 = 2 X
The constants ¢ and k can depend on V' (in particular n) and the choice of | - |, and | - |, but not on x
Note that the above ap lies equally to spaces containing vectors or matrices.

i Ba () We 59 | \( UL iade
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Norm equivalence

A rather important and useful fact is that any two norms on the same finite-dimensional vector space are equivalent.
Theorem (All norms on a finite-dimensional space are equivalent)

Let V be an n-dimensional vector space, and let | - |, and | - |, be any two norms on this space. Then there are
strictly positive constants ¢ and k such that for all x € V,

clxll. < Il < Kl

The constants ¢ and k can depend on V' (in particular n) and the choice of | - |, and | - |, but not on x.

Note that the above applies equally to spaces containing vectors or matrices.
The good news: Norm equivalence suggests it doesn’t matter which norm you pick. %M

The bad news: To prove something, it typically matters which norm you pick. —> (fl)«u)lﬂK UU]
1

Tooly, we L =12 0 Voo,
L ?w/i dle ﬁvhmb: po 0T };/ng(/z/”
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A zoo of norms, formulas, and equivalences: Vector norm bounds

Example
Compute ¢ and k such that,
clxly < Ix[ly < Klxl, v x e Cn

Also, identify examples of vectors x that achieve the upper and lower bounds above.

gk o R i
(X2 = ix,|* £ <£ly\> [ X

= K=l wowhe .
Er X = 8' = (_I,o/l., D, Hx“l- AL = )\x\ » K=Cis s\w‘l/

éga vor § 4 ““%‘

fho T o Sy r x- 4
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A zoo of norms, formulas, and equivalences: Matrix norm bounds

Brample flu | = & Ix, £ 1x, = Xl
Compute ¢ and k such that,

c|Al, < A, < E[A];, vV A € Cmm

Also, identify examples of matrices A that achieve the upper and lower bounds above.

S “ T A
WM, = o0 A AMBAT, A
b TR 1 Y Dl
o= ’fl;_n_,ww\hh

Chele: Swp ol A=e £
Yl _ l/jrx\‘-, < M_‘-
ekl |lAL > 7;;“ /S i, S AL
ke dnp b L -
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A zoo of norms, formulas, and equivalences: A matrix 2-norm

Example

Compute |A[,, where,

l(A'H z "@ It ﬂ(x\

a-(7 ) I, =

{rmxfm.‘-w qu with  conbeing
IZ=0 > % 170 3 X2 ¢ D1-xr, HIX
Than ; e
AY:< ‘ L><X°> » < ¥\ *3)(1\

2 2 .
U/Aré‘"-b = (-dx »’%) bl £21)T = d e I T 4 x e s s dx]
- 6—X12 + B x%y “3')(7,7'

Y}
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Hilbertian structure

Of special interest are the norms arising from inner products: these norms induce Euclidean-like geometry (Hilbert
spaces).

The prototypical example on C" is the £2 norm: for x,y € C", we have,
(xy)=yx=Y Ix[3 = (x,x).
i€[n]
Inner products are bilinear forms over R and sesquilinear forms over C.
nxn
@HA«J/ e,&am/ﬁfb * %‘fﬁ & © & ,bf/ wam, Hztn 7%@9/%
A
/

(X, }\& = (&x, UOD - 6 Qx ) I = ans

tan Shoo Skndind %
V20l I, £ Ivlly 2 Jzel i, § Q.=
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Hilbertian structure

Of special interest are the norms arising from inner products: these norms induce Euclidean-like geometry (Hilbert
spaces).

The prototypical example on C" is the ¢2 norm: for x,y € C", we have,

(xy)=yx= Y wuy, Ix[3 = (x,x).

i€[n]
. . {ox +q 2> = & D8y
Inner products are bilinear forms over R and sesquzlzrw/>
X, «lg-e?b a(x,ts € X, D
One of the most useful algebraic properties of inner products that give rise to a norm H | is the Cauchy-Schwarz

inequality:

[ ) < iyl

From this property one can observe that the following geometric structure of elements x,y is reasonable:

b
CoS lLy/'—\ﬁ §
(o= iyl \/j\}»f/l‘

we wek f‘ oy Il e ”‘W%j:;“ bl
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Hilbertian structure

Of special interest are the norms arising from inner products: these norms induce Euclidean-like geometry (Hilbert
spaces).

The prototypical example on C" is the ¢2 norm: for x,y € C", we have,

(xy)=y'x=) 2y, Ix[3 = (x,%) .

i€[n]

Inner products are bilinear forms over R and sesquilinear forms over C.

One of the most useful algebraic properties of inner products that give rise to a norm | - || is the Cauchy-Schwarz
inequality:

|3l < [yl
From this property one can observe that the following geometric structure of elements x,y is reasonable:

cos (£(x,y)) = (x,y) x Ly iff (x,y) =0.

[yl

There are Hilbertian norms even for matrices, with a common example being the Frobenius norm:

(A,B), =Tr(B'A), |Al% = (A, A),

. ‘350[3)5 ‘é“w\"& ﬁf a&xw% Pafpiva—
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The Pythagorean Theorem

The sledgehammer killing an ant way to prove the Pythagorean Theorem: Let x;, x, be two orthogonal vectors (say
in C™).
Since (x;,%,) = 0, then
2
Ix, + X2||2 = (X; + X3, X +X3)
= (%1, X;) + (Xg,X3) + (X1, %) + (X3, %)
——— N——

0 0
2 2
=[xy + %l -
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The Pythagorean Theorem

The sledgehammer killing an ant way to prove the Pythagorean Theorem: Let x;, x, be two orthogonal vectors (say
in C™).
Since (x;,%,) = 0, then
2
I, + X2||2 = (X1 + X3, X +Xy)
= <X15X1> + <X2,X2> + <X17X2> + <X27x1>
——— N——
0 0
2 2
= xully + %l -

One of the more useful extensions of this (not apparent from n = 2) is: If x,, ... x;, are k mutually orthogonal vectors
in C", then,

2
= Ixl3

5 JElK

pREY

JElK]

Indech
llixi”;l’(.zxc, X' - Q(Y KD = ﬁ% <>< Y = £<x o)
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