Math 6610: Analysis of Numerical Methods, I
Eigenvalues and eigenvectors

Department of Mathematics, University of Utah
Fall 2026

Resources:  Trefethen and Bau 1997, Lecture 24
Siili and Mayers 2003, Section 5.1
Salgado and Wise 2022, Sections 1.3, 8.3
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Eigenvalues and eigenvectors

Given A € C™", (A, v) € C x (C™"\{0}) is an eigenvalue-eigenvector pair if
Av = )v.

Recall: it doesn’t matter what value(s) A takes on, but v cannot be 0.

University of Utah Math 6610: Eigenvalues D03-S2(1)



Eigenvalues and eigenvectors

Given A € C™*, (\,v) € C x (C™\{0}) is an eigenvalue-eigenvector pair if
Av = )\v.
Recall: it doesn’t matter what value(s) A takes on, but v cannot be 0.

Some additional terminology/properties:
o The collection of all eigenvalues of A is A(A) C C, its spectrum.
o Even if A € R™*" A(A) can contain complex values, and eigenvectors can be complex-valued.

e On paper, we typically identify the spectrum by computing roots of the characteristic polynomial,
pa(A) =det(AI — A). (This turns out to be a terrible algorithmic strategy.)

University of Utah Math 6610: Eigenvalues D03-52(2)



Eigenpair properties

There are many properties of eigenvalues and eigenvectors of A € C™*":
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Eigenpair properties

There are many properties of eigenvalues and eigenvectors of A € C™*":

e Over C, all n x n matrices have exactly n eigenvalues, counting algebraic multiplicity.

A= ('ﬁ?)"/\""’,/’ Mn/h;o/»u 2
al/ﬂ

o All square matrices have at least 1 eigenvector.
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Eigenpair properties

There are many properties of eigenvalues and eigenvectors of A € C™*":
e Over C, all n x n matrices have exactly n eigenvalues, counting algebraic multiplicity.
o All square matrices have at least 1 eigenvector. ¢
» Eigenvectors from distinct eigenvalues are linearly independent. «) f( g } ‘l 'SJ': : are

o Every distinct eigenvalue has at least 1 eigenvector.

Jo&f‘:}wf, Vit eo‘j tinvéc Bl s
g%"’]')"rl ,N5F.) “km
§yd- ,EIJ:, are J(WorL’) !
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Eigenpair properties

There are many properties of eigenvalues and eigenvectors of A € C™*":
e Over C, all n x n matrices have exactly n eigenvalues, counting algebraic multiplicity.
o All square matrices have at least 1 eigenvector.
o Eigenvectors from distinct eigenvalues are linearly independent.
o Every distinct eigenvalue has at least 1 eigenvector.
o The eigenspace associated with X is the subspace E, = ker(A — AI). — J ,’ 7N E ) > /
« Eigenspaces are invariant subspaces of A, ie., AE, C F,. J . ~—
lh L— )( <N
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Eigenpair properties

There are many properties of eigenvalues and eigenvectors of A € C™*":
e Over C, all n x n matrices have exactly n eigenvalues, counting algebraic multiplicity.
o All square matrices have at least 1 eigenvector.
o Eigenvectors from distinct eigenvalues are linearly independent.
o Every distinct eigenvalue has at least 1 eigenvector.
o The eigenspace associated with X is the subspace E, = ker(A — AI).
» Eigenspaces are invariant subspaces of A, ie., AE, C F,.
o The number of times an eigenvalue is repeated a, is its algebraic multz’plz’cz’ty} /4 - ( | O )
o The geometric multiplicity g, of an eigenvalue X is dim E,. o |

o Simple eigenvalues A\ have g, = a, = 1.

A= (1 1)) A=l g, =2 -4721
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Eigenpair properties

There are many properties of eigenvalues and eigenvectors of A € C™*":
e Over C, all n x n matrices have exactly n eigenvalues, counting algebraic multiplicity.
o All square matrices have at least 1 eigenvector.
o Eigenvectors from distinct eigenvalues are linearly independent.
o Every distinct eigenvalue has at least 1 eigenvector.
o The eigenspace associated with X is the subspace E, = ker(A — AI).
« Eigenspaces are invariant subspaces of A, ie., AE, C F,.
o The number of times an eigenvalue is repeated a, is its algebraic multiplicity
o The geometric multiplicity g, of an eigenvalue X is dim E,.
o Simple eigenvalues A\ have g, = a, = 1.

o In general we always have g, < a,, so that, 1 < Z/\Q(A) gy <> a, =n.

AEX(A)
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Eigenpair properties

There are many properties of eigenvalues and eigenvectors of A € C™*":

Over C, all n x n matrices have exactly n eigenvalues, counting algebraic multiplicity.

All square matrices have at least 1 eigenvector.

Eigenvectors from distinct eigenvalues are linearly independent.

Every distinct eigenvalue has at least 1 eigenvector.

The eigenspace associated with A is the subspace E, = ker(A — AI).
Eigenspaces are invariant subspaces of A, ie., AE, C F,.

The number of times an eigenvalue is repeated a, is its algebraic multiplicity
The geometric multiplicity g, of an eigenvalue A is dim E,.
Simple eigenvalues A have g, = a, = 1.

In general we always have g, < a,, so that, 1 < Z/\Q(A) gy < ZAGA(A)
Eigenvalues A with g, < a, are defective

Any A with a defective eigenvalue is defective.
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A digression: similarity transforms

Two square matrices A and B are similar if 3 an invertible S such that
B =S 1AS.

(The map A — S™tAS is a similarity transform.)
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A digression: similarity transforms

Two square matrices A and B are similar if 3 an invertible S such that
B =S 'AS.
(The map A — S™tAS is a similarity transform.)

Suppose A is not defective: then with linearly independent v, i € [n] we have the relations,
Av, = \v,.

This is equivalent to,

AV = VA, V=| vy - v : A =diag(A, ..., \,).
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A digression: similarity transforms

Two square matrices A and B are similar if 3 an invertible S such that
B =S 'AS.
(The map A — S™tAS is a similarity transform.)

Suppose A is not defective: then with linearly independent v, i € [n] we have the relations,

Av, = \,v,.
This is equivalent to,
| |
AV = VA, V=| v, - v, [, A =diag(A, ..., \,).
| |
And since V is full-rank, then
A=VAV

i.e., A is similar to a diagonal matrix containing its spectrum.
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Matrix diagonalizability
This motivates a key definition and consequence.

Definition

A square matrix A € C™*" is diagonalizable if it is similar to a diagonal matrix.

Theorem

A square matrix A is diagonalizable iff it is not defective.

When A is not defective, it is diagonalizable via a matrix whose columns are comprised of its linearly independent
eigenvectors.
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Similarity invariances
One simple observation is that the set of eigenvalues is invariant under any similarity transform. If A = VAV~ is

diagonalizable, then
STTAS = (S'V)A(STIV) .

For any square matrix, defective or not, the same conclusion follows from det(A\I — S™tAS) = det(A\I — A).
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Similarity invariances
One simple observation is that the set of eigenvalues is invariant under any similarity transform. If A = VAV ™! is
diagonalizable, then

STTAS = (S'V)A(STV) .
For any square matrix, defective or not, the same conclusion follows from det(A\I — S™tAS) = det(A\I — A).

More consequences follow, e.g., some familiar determinant and trace properties,

detA:ﬁAj, trA:i:)\j.
=1 j=1

J

The above is actually true for any square matrix A, defective or not.
A J.a‘jdﬂal.bb[{ i A< VAV

MA‘QZ+V)[(!@:4—/1)(Q&(-V-')
T dot /| < T,

!
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Jordan normal form
Defective matrices certainly exist. The most common example is,

(0 1)

A rather nice fact is that the above example is “spiritually” the prototypical and essentially only type of defective

matrix. ' , o
o9 |
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Jordan normal form
Defective matrices certainly exist. The most common example is,

(o 1)

A rather nice fact is that the above example is “spiritually” the prototypical and essentially only type of defective
matrix.

Theorem (Jordan normal form)

Every square matrix A € C™*" is bidiagonalizable, i.e., is similar to a bidiagonal matrix.

More specifically, let A{,...,A; be the unique eigenvalues of A, and suppose they have algebraic and geometric
multiplicities a; and g,, j € [U], respectively. Then:

A=VIV V e Crxn,

where V is invertible and J is bidiagonal with A(A) on the diagonal. If a; = s,, + -+ s; , , then

7,95

=@ B0 T =L, + N, s
jelu] £=1
where N, is a k x k£ matrix, nonzero only on its main 513) diagonal that, hasI e%rl s all 1.
- [© [ J <
k""g7 Nl(‘(ﬁoé OA)"
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To diagonalizability and beyond

“Most” square matrices are diagonalizable.

This is (incredibly) powerful: a symmetric linear change of basis of the input and output spaces results in a diagonal
linear operator.
The particular change of basis can be quite anisotropic (and non-isometric) in nature.

Not all square matrices are diagonalizable. However, ...
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To diagonalizability and beyond

“Most” square matrices are diagonalizable.

This is (incredibly) powerful: a symmetric linear change of basis of the input and output spaces results in a diagonal
linear operator.
The particular change of basis can be quite anisotropic (and non-isometric) in nature.

Not all square matrices are diagonalizable. However, ...

o ...all square matrices are bidiagonalizable (Jordan normal form)
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To diagonalizability and beyond

“Most” square matrices are diagonalizable.

This is (incredibly) powerful: a symmetric linear change of basis of the input and output spaces results in a diagonal
linear operator.
The particular change of basis can be quite anisotropic (and non-isometric) in nature.

Not all square matrices are diagonalizable. However, ...

o ...all square matrices are bidiagonalizable (Jordan normal form)

o ...all square matrices are unitarily triangularizable (Schur decomposition)
While triangularizability is not as clean as diagonalizability, that there are unitary transformations
accomplishing this is very attractive.
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To diagonalizability and beyond

“Most” square matrices are diagonalizable.

This is (incredibly) powerful: a symmetric linear change of basis of the input and output spaces results in a diagonal
linear operator.
The particular change of basis can be quite anisotropic (and non-isometric) in nature.

Not all square matrices are diagonalizable. However, ...

o ...all square matrices are bidiagonalizable (Jordan normal form)

o ...all square matrices are unitarily triangularizable (Schur decomposition)
While triangularizability is not as clean as diagonalizability, that there are unitary transformations
accomplishing this is very attractive.

Are there matrices that are unitarily diagonalizable?
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A “spectral” theorem
A seemingly unrelated algebraic definition is our starting point.

Definition

A matrix A € C"*"™ is Hermitian if A = A*.
(Hermitian matrices are also called self-adjoint, or symmetric when A is real-valued.)

A'i o | /4': 0\ 2.
o -1 O
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A “spectral” theorem
A seemingly unrelated algebraic definition is our starting point.

Definition

A matrix A € C"*"™ is Hermitian if A = A*.
(Hermitian matrices are also called self-adjoint, or symmetric when A is real-valued.)

Theorem (Spectral Theorem for Hermitian matrices)

If A € C™" is Hermitian, then it is unitarily diagonalizable with real eigenvalues.
(Its spectrum is real-valued, and the similarity matrix accomplishing diagonalization is unitary.)

Prwﬁ? (1 A ﬁne.s rea) e"gm\/c,IWS'
o Vi ) ke an ﬁyﬂpmf oF é ’ HI/”,VL()
/1"..‘/4'*‘=> Vibu= S Avu?

s = Y
(\/"M)" VAV ARVERVA
ZV Av)
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A “spectral” theorem
A seemingly unrelated algebraic definition is our starting point.

Definition

A matrix A € C""™ is Hermitian if A = A*.
(Hermitian matrices are also called self-adjoint, or symmetric when A is real-valued.)

Theorem (Spectral Theorem for Hermitian matrices)

If A € C™" is Hermitian, then it is unitarily diagonalizable with real eigenvalues.
(Its spectrum is real-valued, and the similarity matrix accomplishing diagonalization is unitary.) /4 = U A- U S

Hermitian matrices are very common in applications, and the spectral theorem has numerous uses.
\A/l«j (O ¥lwe use Eul .
—_ > __
A=V pur -
= - = =
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Application I: Geometric interpretation of Hermitian matrices
If A € C™" is unitarily diagonalizable, then it can be written as

A =UAU* = Z Ajuur,
=1

n

where {u;}"_, are the columns of U.

j€Llr] y.l' (.{3* s @’}w, 'de mpy tom -

0’\4”413- F"‘lj(’ﬂ'/?” .
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Application I: Geometric interpretation of Hermitian matrices
If A € C™" is unitarily diagonalizable, then it can be written as

A =UAU* = Z Ajuur,
=1

n

where {u;}"_, are the columns of U.

L.e., Hermitian matrices (an algebraic property) have strong geometric interpretation: they are “just” diagonal
matrices in a rotated/reflected orthonormal frame.
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Application II: The induced 2-norm
The spectral radius of a matrix A is

p(A) = max [\(A)

Jj=1,...,n

(Recall: |IAl], = may VA, )

I yl/z'-'-/

If A is Hermitian, then |Al, = p(A).

This is direct from the definition of the induced 2-norm.

This ¢ o
[ hos S uyT frye Lor g,@n&“/ Qél(/a/‘( 4}
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Application III: The “A norm?”
A matrix A € C"*" is Hermitian positive definite (sometimes symmetric positive-definite or “spd”) if it’s Hermitian
and its (real) spectrum is strictly positive.

(Respectively, positive semi-definite if the spectrum is non-negative.)

4 Spd—=> /1‘4', and slm(/#)‘im» *)
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Application III: The “A norm?”
A matrix A € C™" is Hermitian positive definite (sometimes symmetric positive-definite or “spd”) if it’s Hermitian
and its (real) spectrum is strictly positive.

(Respectively, positive semi-definite if the spectrum is non-negative.)

Such matrices actually define a norm: |x||, = vVx*Ax. For positive-semidefinite A, this expression is generally only

a seminorm. _ J < Ax' _y>ﬁ
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Application IV: Matrix square roots
There is a functional calculus on spd matrices.

For example, a matrix B is the square root of a matrix A if A = B2,

"Bt‘)T“
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Application I'V: Matrix square roots
There is a functional calculus on spd matrices.

For example, a matrix B is the square root of a matrix A if A = B2,

Example

If A is spd, compute a matrix square root of A.

A= uAUS A-.JMJ{},__ \.) AJ.>0
{
J?\/ "mlm S«?Vlw'

C’a‘aa {f’Tp, ‘e ﬂ:) =‘>(’J\/T)ZT A
Ch((:kc [5': um T Sal‘rS‘Rf’S BZ:A
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Application IV: Matrix square roots
There is a functional calculus on spd matrices.

For example, a matrix B is the square root of a matrix A if A = B2,

Example

If A is spd, compute a matrix square root of A.

Theorem

If A is spd, then there is a unique spd square root B of A, i.e., B2 = A.

ra('./‘j‘fa) Bz:/fl BS'FC]

I, = 61,

N

J<Amx>
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Application V: Quadratic forms
Given a Hermitian matrix A € C™*", the function,

g, = @ate)=xax

is a quadratic form, i.e., a real-valued quadratic function on C™. The eigendecomposition of A uniquely defines the
behavior of ), .

A Her mihen - /4}(-: ZA'<)(L4.>M'
g
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Application V: Quadratic forms
Given a Hermitian matrix A € C™*", the function,

QA (x) = x"AxX,

is a quadratic form, i.e., a real-valued quadratic function on C™. The eigendecomposition of A uniquely defines the
behavior of ), .

Let the following vectors form an orthonormal eigenbasis, partitioned according to the positive, negative, and zero
eigenvalues of A, respectively:

+ — 0
{Vi }ie[n+] ) {Vz’ }ie[n_] ’ {Vi }ie[no] ’

where n = n™ +n~ +n". Then clearly:
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Application V: Quadratic forms
Given a Hermitian matrix A € C™*", the function,

QA (x) = x*AxX,

is a quadratic form, i.e., a real-valued quadratic function on C™. The eigendecomposition of A uniquely defines the
behavior of ), .

Let the following vectors form an orthonormal eigenbasis, partitioned according to the positive, negative, and zero
eigenvalues of A, respectively:

+ — 0
{Vi }ie[n+] ) {V@' }ie[n_] ’ {Vi }ie[no] ’

where n = n™ +n~ +n". Then clearly:

Oa(x) <0if x € V-\{0}

V¥ i=span{v} . Qa(x) > 0if x € V7\{0}
: — {
Qpax)=0if x € VO

where C* = VT V- @ VO.
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Rayleigh quotients, I

A final application of Hermitian matrices is a variational characterization of eigenvalues. We need some buildup for

this.
Let A € C™" be any square matrix, and let x € C™\{0} be a vector.

The Rayleigh Quotient (of A at x) is the (complex) scalar,

R (x) = Qalx) x"Ax  (Ax,x)

x[2  xx  (x,x)
2

Ostensibly, if (A, v) is an eigenpair of A, then R, (v) = A.

R Whet \fa,u,(,j cem RA take
R, (v)e €
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Rayleigh quotients, I

A final application of Hermitian matrices is a variational characterization of eigenvalues. We need some buildup for
this.

Let A € C™™ be any square matrix, and let x € C"\{0} be a vector.

The Rayleigh Quotient (of A at x) is the (complex) scalar,

R (x) = Qalx) x"Ax  (Ax,x)

: x#+0

Ix[3  xx  (xx)

Ostensibly, if (A, v) is an eigenpair of A, then R, (v) = A.

The numerical range of A is the set of all possible values of R, :

W(A) == Ry (C"\{0}).

One can view W(A) as the image of the Rayleigh quotient over all C™, but also just as the image of the Rayleigh
quotient over the unit sphere in C”. ( ”x"Z = | )

W (A) is some set in C, regardless of the dimension n of A.

Clearly we know A\(A) C W(A).
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Rayleigh quotients, 11

There is a rather more interesting property of the numerical range.

Theorem (Hausdorff-Toeplitz Theorem)

W (A) is a compact and convex set in C.

Compactness: W(A) is the image of a compact set (unit sphere in C") under a continuous function (R4 (+)).

schle “chepes” of WIA):

€
W

/ v/ X
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Rayleigh quotients, 11

There is a rather more interesting property of the numerical range.

Theorem (Hausdorff-Toeplitz Theorem)

W (A) is a compact and convex set in C.

Compactness: W(A) is the image of a compact set (unit sphere in C") under a continuous function (R4 (+)).
For certain classes of matrices, the Rayleigh quotient is a little more transparent.

For example, if A is Hermitian, then R, (x) € R, so W(A) C R.
\’-\—-/

why ?
A= UAU" z
G, ()= UAUY = Ay (V)
\~—"" ) X X ;
Can chow® @A (%) a, [y
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Rayleigh quotients, 11

There is a rather more interesting property of the numerical range.

Theorem (Hausdorff-Toeplitz Theorem)

W (A) is a compact and convex set in C.

Compactness: W(A) is the image of a compact set (unit sphere in C") under a continuous function (R4 (+)).

For certain classes of matrices, the Rayleigh quotient is a little more transparent.
For example, if A is Hermitian, then R, (x) € R, so W(A) C R.
In fact, something more precise is true

Theorem Prvol' l‘&lﬂz fi.ml"W fo Sl’]ﬂ‘f’ing /0{/4')"T /1/4//Z

If A is Hermitian, then

Amin(A) < Rp (%) < Ao (A), x € C"\{0}.

An immediate corollary: If A is Hermitian, then W (A) = [\, (A), A\ (A)].

min( ) “Ymax

Az ¢ = — e —>

)‘Mm km&x
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Rayleigh quotients, 111
Let A € C™*" be Hermitian. Consider a subspace V' C C". Sag (I/Vh V =/< S N

The image of V\{0} under the Rayleigh quotient is some subset of W (A) C R.

L —7 N

)('Vlm )\MM(
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Rayleigh quotients, 111
Let A € C™*" be Hermitian. Consider a subspace V' C C".

The image of V\{0} under the Rayleigh quotient is some subset of W (A) C R.

. Erp/i\r{lo} Ra(x) > A, (A), with equality when V' contains an eigenvector for A, (A).
XVVhat is the largest possible minimum value?
WiA)
TN dwlVzk =) min  mia /?,4 xe) = Al
—T - 3 B A"R 2| J;,.,V""/( YéV\Sﬂg

A

S

——
in Rk(V) )(Ha\v

5 Far arbﬂ-rwy V, c’szk, how
h%( Can L make min /24[)()

AV
I&a" k';l choose V7 gpmgl/mw}

=) meX M

R, (y)=
V=1 weV #1097~ Avay
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Rayleigh quotients, III
Let A € C™*" be Hermitian. Consider a subspace V C C".

The image of V\{0} under the Rayleigh quotient is some subset of W (A) C R.

e min R,(x)> A
xeV'\{0}
What is the largest possible minimum value?

e max Rp(x) <A
xcV\{0}
What is the smallest possible maximum value?

A).

min (

A), with equality when V' contains an eigenvector for A

min (

A).

A), with equality when V' contains an eigenvector for \__ (

max(
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The “min-max” theorem

Theorem (Courant-Fischer-Weyl “min-max”’)

Let A € C™*" be Hermitian, with eigenvalues A\; < A\, < ... < X\ . Then for each 1 < k <mn,

A= min  max R(x
F™ yeer xevi\(o} a(x)
dimV=k
AL = max min R, (x
& veer  xev\{o} a(x)
dim V=n—k+1
0,0 o n o o o n
In addition, if (uj) _, are the eigenvectors associated with ()\j) . then:
j= j=
o V =span{u,,...,u.} achieves the outer minimum
o V =span{u,,...,u,} achieves the outer maximum
University of Utah Math 6610: Eigenvalues
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Cauchy interlacing theorem
A matrix B is a compression of A if B = Q*AQ for some Q € C™*" with orthonormal columns.

r<r\)
Bc@rxr |
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Cauchy interlacing theorem

A matrix B is a compression of A if B = Q*AQ for some Q € C™*" with orthonormal columns.

Just one consequence of the min-max theorem:

Theorem (Cauchy interlacing)

Let B € C"~Ux("=1) he a compression of a Hermitian matrix A € C™". If A has eigenvalues \; < A\, < ... < A

and B has eigenvalues p; <--- < p.. 4, then

forall j=1,...,n—1.

A S .
— Y ?‘“"“‘—?/R
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