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Beyond scalars

We now have tools to understand sums of independent (scalar) random variables:

with mild assumptions Cﬁt2
Sn = Z X,’ > Pr(|5n — E5n| = t) S exp —m
2 3

i€[n]

~ exp (— min {Klt, K2t2}) .

This allows us to guarantee that
= If e >0is “small”, then n = ¢ 2log(1/8) implies Pr(|S, — ES,| = ¢) < 4.
= If e >0is “large”, then n = e 1log(1/8) implies Pr(|S, — ES,| =€) <.
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Beyond scalars

We now have tools to understand sums of independent (scalar) random variables:

S Z X with mild assumptions_ PI’(|5 ES | > t) < exp ( C1t2 )
I + Prlls - Bz see (et ey
ie[n] 2 +C3

~ exp (— min {Klt, K2t2}) .
This allows us to guarantee that
= If e > 0is “small”, then n = e ?log(1/8) implies Pr(|S, — ES,| > ¢)

> €) <.
= If e >0is “large”, then n = e 1log(1/8) implies Pr(|S, — ES,| =€) <.

Unfortunately, one cannot immediately conclude similar results for matrices because many of the
tools we require cannot be directly applied to matrices.
(E.g., orderings on general matrices are more painful.)

Fortunately, the essential (Bernstein) result above still holds. (!!)

Proving it requires more sophisticated arguments.
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Some caveats with matrices

If X, i € [n] are iid, centered random matrices, we'd like to bound something like:
Pr([Snl,>1).

We cannot immediately use our scalar strategy with Markov's inequality.

Even if we could proceed, the matrix exponential is not monotone:
0<A<B += eA<efB

(Recall: concave functions on (0, o0) give rise to operator monotone functions.)
In particular, we will first understand concentration with (symmetric) positive definite matrices.

This allows us to sensibly consider matrix functions exp, log, etc.
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The matrix Laplace transform, |

Despite challenges with generalizing to the matrix case, there is a somewhat straightforward way
to derive some bounds on the extremal eigenvalues of a matrix.

Let A be a random Hermitian matrix.

We can play essentially the same trick as we did for scalars: For any s > O:

Pr(Amax(A) = t) = Pr (eSAmaX(A) < eSt>

R, [y)= X4¢ < etEen(A
/b(“’l _ oSt grmax(sA)
= e EAmax(e™)
My ()= mary Ry lv) e

X0
e’z ULUY - ypy*
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The matrix Laplace transform, ||

Hence, we've shown the following:

Lemma (Matrix Laplace transform). Suppose A is a random Hermitian matrix. Then:

Pr(Amax(A)

\%

t) < inf e StE tre®A
s>0

Pr(Amin(A) < t) < inf e St Etr 4.

s<0
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The matrix Laplace transform, ||

Hence, we've shown the following:

Lemma (Matrix Laplace transform). Suppose A is a random Hermitian matrix. Then:

Pr(Amax(A) A

\%

t) < inf e *'Etre’
s>0

Pr(Amin(A) < t) < inf e St Etr 4.

s<0

An application of Jensen's inequality yields the following_corollary=-

Lemma. Suppose A is a random Hermitian matrix. Then: Tden:

o1 sA A . SAmaald)
E Amax(A) < ;Qf('); logE tre héx{lA'J < jgj e

1
E Amin(A) = sup — log E tr esA
s<0 S
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Matrix MGF properties

The matrix Laplace transform allows us to use Markov's inequality to bound extremal eigenvalues.

In the scalar setting, we continued the argument by using product/additive structure of
MGF's/CGF's:

Sn=>.Xi,  Ms,(s) =[] Mx(s). Ks,(s Z Kx, (s
i€[n]

i€e[n]
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Matrix MGF properties

The matrix Laplace transform allows us to use Markov's inequality to bound extremal eigenvalues.

In the scalar setting, we continued the argument by using product/additive structure of
MGF's/CGF's:

Sn=>.Xi,  Ms,(s) =[] Mx(s). Ks,(s Z Kx, (s
i€[n]

i€e[n]
Matrix MGF's and CGF'’s still exist: If A is a random Hermitian matrix, its moment generating
function (MGF) and cumulant generating function (CGF) are given by,

Ma(s) = Ee*A, Ka(s) = logEeA

Like before, when M4(s) exists, its Taylor coefficients around s = 0 are matrix moments IEAX.
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Matrix MGF properties

The matrix Laplace transform allows us to use Markov's inequality to bound extremal eigenvalues.

In the scalar setting, we continued the argument by using product/additive structure of
MGF's/CGF's:

Sn=>.Xi,  Ms,(s) =[] Mx(s). Ks,(s Z Kx, (s
i€[n]

i€e[n]
Matrix MGF's and CGF'’s still exist: If A is a random Hermitian matrix, its moment generating
function (MGF) and cumulant generating function (CGF) are given by,

Ma(s) = Ee*A, Ka(s) = logEeA

Like before, when M4(s) exists, its Taylor coefficients around s = 0 are matrix moments IEAX.

Unfortunately, the MGF/CGF decomposition property simply fails in the matrix setting, largely
because for general matrices A, B:

AB # BA, and eAtB  oAeB
In particular, for general Hermitian A and B,

Ma.g(s) # Ma(s)Mpg(s), and Kaig(s) # Ka(s)+ Kg(s).
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The resolution

Recall that the matrix Laplace transform vyields a formula of the form, E tr es4

If A is an iid, then we've seen that the MGF's of the summands will not decompose.

The Golden-Thompson inequality gives us a glimmer of hope by adding a trace operator:

treAtB < tr (eAeB) .
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The resolution

Recall that the matrix Laplace transform vyields a formula of the form, E tr es4

If A is an iid, then we've seen that the MGF's of the summands will not decompose.
The Golden-Thompson inequality gives us a glimmer of hope by adding a trace operator:
tr e B < tr <eAeB) .

Unfortunately, this inequality is false for three (or more) summands. However, including the
expectation does yield a subadditive result:

Lemma 1 (Matrix CGF subadditivity). If {X}e[n are random, independent, Hermitian matrices:

[E trexp 52 Xi|<trexp Z Kx.(s) |, ie,
. Mg,‘“') /7 ie[n] ic[n]

b CY'D 1’9 Msh(l) tr exp KZ,-X:'(S) < trexp (Z Kx,.(s)>
= H?\(P Kgn(c')

Matrix concentration inequalities, | Math 7870, Spring 2026 — UofU 7



The resolution
Recall that the matrix Laplace transform yields a formula of the form, [ tr e54.

If A is an iid, then we've seen that the MGF's of the summands will not decompose.
The Golden-Thompson inequality gives us a glimmer of hope by adding a trace operator:
tr e B < tr (eAeB) .

Unfortunately, this inequality is false for three (or more) summands. However, including the
expectation does yield a subadditive result:

Lemma 1 (Matrix CGF subadditivity). If {X;}c[n are random, independent, Hermitian matrices:

[E trexp SZX,’ < tr exp ZKXI.(S) , e,

i€[n] i€[n]
trexp Ky, x;(s) < trexp (Z Kx,.(s)>

Proving this requires some rather heavy machinery: for fixed Hermitian B, the function
A — tr exp(B + log A) is concave on positive-definite matrices.
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“Master” bounds/inequalities
With the matrix CGF subadditivity, we can essentially establish an important intermediate result:

Theorem. Let {X ,-},-e[n] be independent, Hermitian, random matrices, and let S, denote their
sum. Then:

Pr(Amax(Sn) < t) < inf e ' tr exp 2 Kx.(s) |,

>0
° ie[n]

1
E Amax(Sn) < inf —log tr exp Z Kx.(s)
s>0 S ie[n]

Pr(Amin(Sn) > 1) < inf e™**trexp [ > Kx,(s)

<0
> ie[n]

1
E Amin(Sn) < sup = log tr exp Z Kx.(s)
s<0 5 ie[n]
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Using the master bounds: A warmup, |

The master bounds are powerful, but before applying them in general let's consider a specialized

case.

Suppose the matrix sequence X; is given by:
Xi = xiA;, {Ai} e[, Hermitian, deterministic, {Xi}iern) S N(0,1).

In this special case, the randomness in the X; is controlled by a multiplicative scalar.
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Using the master bounds: A warmup, |

The master bounds are powerful, but before applying them in general let's consider a specialized

case.
Suppose the matrix sequence X; is given by:
Xi = xiA;, {Ai} e[, Hermitian, deterministic, {Xi}iern) S N(0,1).

In this special case, the randomness in the X; is controlled by a multiplicative scalar.

To use the master bounds, we must compute the CGF of X;. As an intermediate step, we identify
the moments of standard normal random variables:

5 =,k even
e 0dy- §mx"e”‘ﬁc’xi0 Exfk:{ T K oad
1= ¥%h
. k ~xY o’ - y? - e
e P S M M L ey R (R ALY TN e )
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Using the master bounds: A warmup, ||
We can now compute the CGF of X;:

Kx.(s) = log E exp(sX;) (Xf’ﬁ('Av)
= log [E exp(sx;A;) = '=
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Using the master bounds: A warmup, ||
We can now compute the CGF of X;:

Kx;(s) = log E exp(sX)
= log [E exp(sx;A;)

Using the moments of a standard normal random variable:

1
Kx.(s) = log Z 24—@(5’4")%
£eNg |

1 1
= log exp (552A,2) = §s2A,2.
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Using the master bounds: A warmup, |
Given the previous, the following is the result of this estimation.

Theorem (Hermitian Matrix Gaussian Series). Let X; = x;A;, i € [n], be a sequence of random
m x m Hermitian matrices where {x;}; are iid standard normal random variables, and {A;}; are
Hermitian, deterministic matrices. Define

Sni= ), Xi= ) xiAi V()= [EST=| ) A
ie[n] ie[n] i€[n] 5

Then:

V(S,) is called the matrix variance statistic of S,.
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To rectangular matrices: Matrix dilation

We can essentially port the result for Hermitian matrices directly to rectangular ones. The
appropriate tool is a matrix dilation.

Definition (Matrix dilation). Let A be a my x my matrix. Then D(A) is the size-(my + my)
Hermitian matrix defined by:

)~ (4 5

bia) = (A* #) (/10* j)’ (AOA,‘ ,4*/1)
N 0’14))= o(4)

= H(D(M)J- olh) =2 W0, =<, (4)= 40,
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To rectangular matrices: Matrix dilation
We can essentially port the result for Hermitian matrices directly to rectangular ones. The
appropriate tool is a matrix dilation.

Definition (Matrix dilation). Let A be a my x my matrix. Then D(A) is the size-(my + my)

Hermitian matrix defined by:
0 A
)~ (4 5

To see why this is a useful concept, notice that:
AA* 0
w- (4 2a)
wwdu]lls 0 A%A

Therefore: the\épectrum of D(A) is a duplication of the singular values of A (plus some zeros if A
is rectangular).

Moreover, matrix dilation is a linear operation, and

Amax(D(A)) = [D(A)], = [ Al -
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Rectangular Gaussian Matrix Series
Then consider a similar setup: X; = x;A;, with {x,-},-e[n] iid standard normal random variables.

But now: let A; be deterministic m; x my rectangular matrices.

= Consider D (Sj), with Sp = >y Xii.

= Note that norm bounds on S, are equivalent to eigenvalue bounds on D (S,)
= Relate V(D(A)) to an appropriate S,-dependent quantity.
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Rectangular Gaussian Matrix Series

Then consider a similar setup: X; = x;A;, with {x,-},-e[n] iid standard normal random variables.

But now: let A; be deterministic m; x my rectangular matrices.
= Consider D (Sj), with Sp = >y Xii.
= Note that norm bounds on S, are equivalent to eigenvalue bounds on D (S,).
= Relate V(D(A)) to an appropriate S,-dependent quantity.

Theorem. With the above setup, then:

2
Pr(|Sil > 1) < <m1+”’2>exp< V5,
E|Sal2 < /2V(Sn)(m1 + m),

log-
Spl2} =max<{ | Y AAF| | Y AFA

i€[n] 5 i€e[n] 5

where V(S ,) is the matrix variance statistic of S:

V(Sn) -
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