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Matrix Chernoff setup

We'll begin with one of the main results: The matrix Chernoff bound.

Setup: Let {X|};c[n] be a sequence of independent, positive-definite (Hermitian) matrices. We are
interested in studying the extremal eigenvalues of,

Sn = Z Xj
Jeln]

(As before, an empirical iid sum is a specialization by building in a 1/n factor in the X;
summands. )

Our question of concentration involves understanding, e.g.,
Amax(ES,) vs EXmax(Sn) vs Pr(Amax(Sn) > (1 + €)Amax(IESH))
We expect that how “large” the X; summands are plays a role. To quantify this, let's assume that

| X2 < B with probability 1.
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Matrix Chernoff

Theorem 1 (Matrix Chernoff inequality). With the previous setup, let pimin and pmax denote the
extremal eigenvalues of ES,,:

Mmin = Amin(ESn) =0 Mmax = Amax(]ESn)-

If X; are m x m matrices, then:

(#) Pr(hmin(S ) S (L= ) < mexe (-Emn e+ (1-log(1-€)]),  0<e<1
(.].) Pr (Amax(S :;1 (1 + €)thmax) < mexp (—“;ax |—€+ (1 + ¢€)log(1 + e)]) e=>0

IEJ>\min(sn) Z Kmin ( - |Og/, s>0

s _ 1 B m
Bhmo(S5) < o (S ) + C log 5> 0.

NB some observations: large B makes these bounds less attractive.

If this is an empirical sum, then B ~ 1/n.
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Some proof preliminaries: Matrix functions
Recall, if A and B are positive-definite, then

A < B means B — A is positive-definite. K(/( >0
In particular, this definition is equivalent to the condition: -

A < B means v*Bv > v*Av for any nontrivial v.

!
B-42 0
0
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Some proof preliminaries: Matrix functions

Recall, if A and B are positive-definite, then
A < B means B — A is positive-definite.
In particular, this definition is equivalent to the condition:
A < B means v*Bv > v*Av for any nontrivial v.
Recall: if f: (0,00) — (0, 20), then we define f(A) for a positive-definite A as:
A1 f(A1)
A=U r ) Ut — f(A)=U F%) : U*
iy )

This definition does imply that if f(x) < g(x) for all x € (0, 0), then f(A) < g(A).
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More preliminaries: Some matrix function facts

There are a few observations we can make from the definition of the partial order and matrix
functions.

= If A< B, then forevery z >0, A+ zI < B + zI.
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More preliminaries: Some matrix function facts

There are a few observations we can make from the definition of the partial order and matrix
functions.

= If A< B, then forevery z >0, A+ zI < B + zI.

= (Conjugation rule) If A < B, then for any matrix M, we have that MAM* < MBM*.

VIBHT - ManTy = R, (M) 20
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More preliminaries: Some matrix function facts

There are a few observations we can make from the definition of the partial order and matrix
functions.

= If A< B, then forevery z >0, A+ zI < B + zI.
= (Conjugation rule) If A < B, then for any matrix M, we have that MAM* < MBM*.

= (The negative inverse is operator monotone) If 0 < A < B, then B™1 < AL,
h 1
A8 Byo = B= B8" g5y
\ (8%)* ="
bEAR™ e T
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More preliminaries: Some matrix function facts

There are a few observations we can make from the definition of the partial order and matrix
functions.

= If A< B, then forevery z >0, A+ zI < B + zI.
= (Conjugation rule) If A < B, then for any matrix M, we have that MAM* < MBM*.
= (The negative inverse is operator monotone) If 0 < A < B, then B™1 < AL,

= (The logarithm is operator monotone) If A < B, then log A < log B.

Weae  la A= f:a L (2)dz / filz)z = - -

|+2 M2

Lo [142) = £1ghe3)]) * = fog )
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More preliminaries: Some matrix function facts

There are a few observations we can make from the definition of the partial order and matrix
functions.

= If A< B, then forevery z >0, A+ zI < B + zI.

(Conjugation rule) If A < B, then for any matrix M, we have that MAM* < MBM*.

(The negative inverse is operator monotone) If 0 < A < B, then B™! < A™1.

(The logarithm is operator monotone) If A < B, then log A < log B.

(Eigenvalue monotonicity) Let A (M) denote the kth eigenvalue (ordered smallest-to-largest)
of a positive-definite matrix M.
If A< B, then A\((A) < A\((B) for all k € [n].

T S W = min
Covu Bk © 15?7, AT Bl

RalV) = I\(A)z \- /3)

Matrix concentration inequalities, 11 Math 7870, Spring 2026 UofU 5




More preliminaries: Some matrix function facts

There are a few observations we can make from the definition of the partial order and matrix
functions.

If A < B, then for every z >0, A+ zI < B + zI.

(Conjugation rule) If A < B, then for any matrix M, we have that MAM* < MBM*.
(The negative inverse is operator monotone) If 0 < A < B, then B™! < A™1.

(The logarithm is operator monotone) If A < B, then log A < log B.

(Eigenvalue monotonicity) Let A (M) denote the kth eigenvalue (ordered smallest-to-largest)
of a positive-definite matrix M.
If A< B, then A\((A) < A\((B) for all k € [n].

(The trace-exponential is a monotone function) If A < B, then tref < treB.
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An initial lemma, |
We will need to estimate the matrix CGF. Here's an intermediate result we'll need:

Lemma 1 (Chernoff CGF bound). Suppose X is a random spd matrix, with
Amax(X) = | X |2 < B with probability 1. Then for any s € R:

Kx(s) < h(s)EX, h(s) =
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An initial lemma, |
We will need to estimate the matrix CGF. Here's an intermediate result we'll need:

Lemma 1 (Chernoff CGF bound). Suppose X is a random spd matrix, with
Amax(X) = | X |2 < B with probability 1. Then for any s € R:

Kx(s) < h(s)EX, h(s) =

Proof idea: The exponential function is convex, so it's dominated by any secant line:

sB_l
e’ < 1+ x
B

(- /
~"

linear function connects (0,1) to (B, eB)

This implies that for SPD matrices:

esB 1

sX
<I+ X
e <1+ B
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An initial lemma, |l

sB 1
X <14+ xS
e <1+ B
Since Y > 0 with probability 1 implies IEY > 0, then
sB sB 1
Eég_-—(: Mx(s)ﬁIJre IE]Xﬁexp(e IEX), QK
B [y

where the last inequality uses 1 + x < e*.
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An initial lemma, |l

sB_l

B
Since Y > 0 with probability 1 implies IEY > 0, then

€

e X <I+ X

sB

—1 sB_l
Mx(s) < I+ < = IEXﬁexp(e = IEX),

where the last inequality uses 1 + x < e*.

Now define h(s) = (€8 — 1)/B, and take logarithms. (log is operator monotonel)
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Chernoff proof: probabilities

We can now complete the proof. From the master bound:

Pr(Amax(Sn) = t) < slglg e *‘trexp Z[z] Kx;(s)
Jje[n

Recall that Kx;(s) < h(s)EEX; and that the trace-exponential is operator monotone:

Pr(Amax(Sn) = t) < ;2% e *‘trexp Z h(s)EX;
Jeln]
inf e *"trexp (h(s)ESn)

s>0

Slg](‘) e MAmax exp (h(

< ;Qge “mexp h(s Ama@(ffg

= inf exp (—st + log m + h( ):U'max)

s>0

IN

(Infimum achieved at s = % log (tfmax)-)
A similar computation can be done to yield the lower bound, and the expectation bounds.
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An Application: Random column selection, |

Suppose we have a m x n matrix A with columns {a;}c(n:

o
A=Z@' ae¥ Q"‘('
1
jeln) ) JoLs
/
We will randomly subsample columns of this matrix: let {«y;};c[n] id Bernoulli(p). //)é' Tﬂ\ /3

Our randomly sampled matrix is:
: J
Jjeln]
If v; = 1, we keep the jth column. If «; = 0, we zero out that column.

(Note that the dominant singular values of § match those of the version of § where we remove
the zeroed-out columns.)

Our question: are the singular values of S close to those of A?
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An application: Random column selection, |I

S= ) fag of
540

We consider the matrix,

. ¥
M:=SS* = ) vaxa; 44,

jeln]
Note that Amax(M) = 03(S), and Amin(M) = 02(S).

Clearly M is a sum of independent, semi-positive-definite Hermitian matrices (y;axaj).
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An application: Random column selection, |I

S = Z 'yjej’-"aj.
J€ln]
We consider the matrix,

M = SS* = Z fyjakai
Jeln]

Note that Amax(M) = 02(S), and Amin(M) = 02,(S).
Clearly M is a sum of independent, semi-positive-definite Hermitian matrices (y;axaj).

USing Mmin = >\min<EM) = p)‘min(AA*)r and pmax = )\max(]EM) = p>‘max<AA*)v and
B = max; |a;|3, the Chernoff bounds, after some simplification, yield,
Ec$(S) < cipoi(A) + B(log d)

Eo2(8) £ xpo?(A) - B(log d),
2
where ¢1, ¢ are O(1) absolute constants.™
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