
Fig. 8. User interface for the interactive visualization of labeled merge trees and their 1-center.

Vertex consistency. Given two labeled merge trees T 1 = ( T1, f1,m1)
and T 2 = ( T2, f2,m2), we want to compute the consistency of vertices
in T 1 with respect to vertices in T 2. For simplicity, we assume that m1
and m2 are bijective on the set of vertices V1 and V2, respectively (thus
all vertices of T 1 and T 2 have unique labels). Let |S1| = |S2| = s be
the number of labels.

Let V1 = {v1, . . . ,vs} and V2 = {w1, . . . ,ws} be the labeled vertices
for T1 and T2, respectively, where vi corresponds to wi. Assume the
chosen metrics between vertices in T1 and T2 are d1 and d2, respectively,
and fix a label l. We wish to measure the “consistency” of node vl
of T1 with node wl of T2. To do this, consider the two vectors A =
[d1(v1,vl), . . . ,d1(vs,vl)] and B = [ d2(w1,wl), . . . ,d2(ws,wl)]. That is,
A (resp. B) is the vector of distances from vl (resp. wl) to all other
vertices (ordered by the labels). Intuitively, A (resp. B) summarizes
how all other vertices relate to vl (resp. to wl) from a metric point of
view. Hence, to measure the consistency between vl and wl , we use the
Gaussian-weighted cosine similarity between these two vectors; that is,
the vertex consistency between vl and wl is simd (vl ,wl) := simd (A,B).
This consistency (similarity) value ranges from 0 to 1, and it is 1 if and
only if A = B.

Intuitively, d is a locality parameter: distances larger than, say, 3d,
will essentially be ignored, so this in effect is a soft thresholding where
only nearby neighbors of vl and wl are being considered. By adjusting
d, we can change the neighborhood size. Setting d = ∞, we recover
the traditional cosine similarity. The larger sim(vl ,wl) is, the more
consistent vertices vl and wl are with each other.

We define the vertex consistency of T 1 (with respect to T 2) as a
function defined on the vertices of T 1, a1 : V1→ R. For a vertex with
a label l, a1(vl) = simd (vl ,wl) for vl ∈V1 and wl ∈V2. a2 : V2→R is
defined similarly.

5.2 Visual Encoding of Consistency for an Ensemble
We describe visual encodings for vertex consistencies for an ensemble
member, variational consistencies, and statistical consistencies for the
1-center tree.

We encode vertex consistency for an ensemble member T i (with
respect to the 1-center T ) using glyphs; see Fig. 9(left). Specifically,
given a vertex consistency a i : Vi→R, the radius of each circular glyph
at a vertex v ∈Vi scales proportional with a i(v).

We encode variations in vertex consistencies for the 1-center tree T
using visual primitives inspired by [65, 66]; see Fig. 9(middle). For the
1-center tree with vertex set V , multiple vertex consistency functions
are defined with respect to k ensemble members, a1, · · · ,ak : V → R.

Fig. 9. Left: circular glyphs are used to encode vertex consistencies for
an ensemble member. Graduated circular glyphs are used to encode
variational (middle) and statistical (right) vertex consistencies for two
1-center trees.

Let ā be their mean value. Let a ′i := |a i− ā |, and we compute the
sequence of variations {a ′i , . . . ,a ′k} as deviations from the mean ā .

The radius ri of the i-th circular glyph is ri = ga ′i
2a ′ [66], where g is the

desired spacing between glyphs, and a ′ is the maximum difference
of any a i to the mean of a in the entire ensemble. The smaller the
glyphs are, the more consistent the ensemble members are with respect
to the 1-center. A small core indicates few outliers whereas a wider
core indicates more deviation within members [66]. In our system,
variational consistencies are rendered in a sequential colormap using a
single hue.

Inspired by box plots, we visualize the distribution of vertex consis-
tencies at the 1-center T . For a1, · · · ,ak defined at a vertex v ∈V of
T , we compute their minimum, first quartile, median, third quartile,
and maximum and apply graduated glyphs, as shown in Fig. 9(right). In
our system, statistical consistencies are rendered using a miscellaneous
colormap. Finally, the vertex consistency can be extended to edge
consistency, see Appx. B for details.

6 INTERACTIVE VISUALIZATION AND USAGE SCENARIOS

We provide an interactive visualization system that takes as input an
ensemble of leaf-labeled merge trees and outputs a 1-center tree as
their structural average. The system incorporates 1-center computation,
animation and uncertainty visualization; see the supplementary video
for a demo and Appx. A for implementation and Appx. C for design
details. It is implemented using D3.js, Ajax, Flask, and Python.

Its user interface is shown in Fig. 8. The drawing panel allows
the user to draw individual merge trees using node-link diagrams and
assign initial labels to the vertices. Each tree is then added to the
ensemble panel, where ensemble members can be selected, deleted
and edited. The control panel provides various options in computing



a 1-center tree, whereas an animated sequence between an input tree
and the 1-center tree is provided within the animation panel. Various
consistency measures are visualized in the consistency visualization
panel; see Appx. C for design details.

We now describe how a user interacts with our visualization system
under various usage scenarios. Thanks to consistency, a novel measure
of uncertainty for vertices in a tree, our system helps the user perform
tasks that were previously challenging. In particular, we can:

• Use the system as a structural calculator: it takes as input a set
of leaf-labeled merge trees and outputs a 1-center tree as their
structural average.

• Perform label diagnostics and correction to reduce data uncer-
tainty and improve structural consistency.

• Understand structural similarities in a dynamic setting via anima-
tions from an ensemble member to the 1-center tree.

In addition, our system and its underlying algorithms allow us to study
the tradeoff between local and global consistency measures in capturing
structural similarities between ensemble members and their structural
average, as well as to investigate heuristics in labeling strategies by ex-
ploring the tradeoff between intrinsic and extrinsic metrics (see Appx. D
and Appx. E for examples).

6.1 Computing 1-Centers as Structural Averages
Suppose we have a numerical calculator. A typical usage scenario to
obtain an average is to add a set of k input numbers and divide the sum
by k. We want to perform similar operations, not with numbers, but
with complex structures such as merge trees.

As illustrated in Fig. 1, when a user provides as input an ensemble of
six leaf-labeled merge trees in partial agreement (top row on the left),
the system first applies a (re)labeling strategy to update unmatched
labels among the ensemble members while preserving the matched
labels (bottom row on the left). For instance, Tree 2 has three of its
leaves relabeled based on their structural similarities to the pivot Tree
1. The labeling on the 1-center tree (a) shows leaf correspondences
between the input and the output. The system incorporates uncertainty
information on the 1-center tree: variations (b) and distributions (c) in
vertex consistencies are encoded by graduated circular glyphs.

We explore the structural variations of the input ensemble via the
summary plot (d), where all the ensemble members (in this particular
input) have roughly the same interleaving distance to the 1-center (a).
In the variational consistency plot (b), we see that there is a small
variation in the vertex consistency measure around leaf 1 for the 1-
center as indicated by a tiny blue circular glyph, which means that all
six ensemble members are highly consistent in the local neighborhood
of leaf 1. This is also captured by the statistical consistency plot
(c) where the minimum, maximum, and medium consistency values
coincide at leaf 1.

Using our visualization system, the user can perform computations
and uncertainty visualization for trees in full agreement and disagree-
ment in a similar fashion; see Fig. 6. For instance, the variational vertex
consistency plot in Fig. 6(b) shows that all six input trees have almost
no structural variation at leaves 1 and 4, whereas the distribution of
vertex consistencies is much less concentrated at leaves 2 and 3 in the
statistical consistency plot Fig. 6(c), which can be explained in the
sense that leaf 1 and leaf 4 in each input tree all have a common lowest
ancestor at the root with similar height values.

In summary, our system enables us to explore the structural varia-
tions between input trees and their 1-center by incorporating various
means of consistency-based uncertainty visualization; see the supple-
mentary video for a demo.

6.2 Label Diagnostics and Correction
Apart from the default functionality in computing a 1-center, perhaps
more importantly, we could use our interactive tool to perform label
diagnostics and correction to reduce data uncertainty among ensemble
members and improve structural consistency.

We give an example in Fig. 10. The initial input provided by the
user contains an ensemble of six leaf-labeled merge trees in partial
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Fig. 10. Label diagnostics and correction. Given an input ensemble of
six partially labeled merge trees, by changing a possibly inaccurate initial
label from 3 (b) to 4 (e) in Tree 4, we reduce the structural variation for
the 1-center, comparing (c) and (f).

agreement. Upon close inspection of the variational consistency plot,
we notice that leaves 3 and 4 in the 1-center have high variations in
their consistency (c). However, changing a (possibly inaccurate) label
in Tree 4 from 3 to 4 greatly reduces the variational consistency of
the 1-center at leaves 2, 3, and 4, comparing (c) with (f). Meanwhile,
such a correction also improves the statistical consistency, as shown
in (g) where summary statistics (minimum, medium, etc.) coincide
at these leaves; see the supplementary video for a demo. However,
such a manual intervention is not practical for large merge trees. We
believe the same strategy could be applied to a simplified merge tree
on a coarser level. For larger trees, we leave it to future work to
automatically identify outliers and suggest rules for modification.

6.3 Animation Along A Geodesic Path
Furthermore, we could understand structural similarities in a dynamic
setting via animations. An animated sequence between an ensemble
member and the 1-center shows how one deforms to the other via a
geodesic (by Theorem 3.2), as well as the evolution of consistency
measures at individual nodes through this process. As shown in Fig. 11,
a 10-step animation between an ensemble member (a) and a 1-center
(b) with different leaf sizes showcases the structural changes between
them; e.g., the creation of new internal vertices along the geodesic. We
can also observe the increase in vertex consistencies (red means high
and green means low consistency), in particular, for vertex 3, along the
same geodesic. See the supplementary video for a demo.

7 APPLICATION TO SCALAR FIELD ENSEMBLES

Our framework can be applied to study the structural variation of an
ensemble of scalar fields. We give two illustrative examples. The
first example, Fig. 12, contains a pair of scalar fields that gives rise
to a pair of merge trees very similar to Fig. 4 in Section 4.1. Each
scalar field is visualized as a 150×150 image in (a)-(b). We use the
Topology ToolKit [72] to generate the augmented merge trees in (c)-(d).

a

b

Fig. 11. An animated sequence between an ensemble member (a) and
a 1-center tree (b) via a geodesic.
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Fig. 12. Computing a 1-center for scalar field induced merge trees. On
the left, each row contains from left to right: a scalar field visualized using
a rainbow color map; an augmented merge tree visualized together with
the graph of its corresponding scalar field; and a straight line drawing
of a merge tree in R3. On the right: (g) a straight line drawing of the
1-center tree in R3; (h) a reverse-engineered scalar field that gives rise
to the 1-center tree.

Noncritical points are ignored for the 1-center computation as we need
only leaves and their lowest common ancestors to compute the ultra
matrices. We employ the labeling strategy described in Section 4.3 to
find correspondences between the leaves, by taking into consideration
their geometric embeddings.

The second example in Fig. 13 begins with an ensemble of three
merge trees that arise from scalar fields generated by mixtures of Gaus-
sians. We again apply our algorithm in Section 4.3 to compute the
1-center tree. In this example, merge trees T1, T2, and T3 contain 3, 4,
and 4 leaves, respectively. According to Sec. 4.3, T2 (or T3) is selected
as the pivot tree. We use the Euclidean distance between the geometric
embeddings of leaves to assign labels. It is easy to verify that the
computed 1-center tree T is indeed of equal distance to the ensemble
members T1, T2, and T3, and therefore represents a structural average
of the scalar field ensemble.

We now focus on uncertainty visualization using our encodings
proposed in Sec. 5 and interactive visualization system in Sec. 6. As
illustrated in Fig. 14, the vertex consistency plot (b) for T2 indicates
that leaf 2 has low consistency against the 1-center tree; similarly in
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Fig. 13. Computing a 1-center for merge trees that arise from scalar
fields generated by mixtures of Gaussians. Left: each row contains a
scalar field visualized as an image, its augmented merge tree, and a
straight line drawing of the corresponding (unaugmented) merge tree in
R3. Right: (j) 1-center tree; and (k) a reverse-engineered scalar field that
gives rise to the 1-center tree.
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<latexit sha1_base64="YGs+cpWUcTyec49pnEF6JEYKqgk=">AAAB+HicbVC7TsMwFL0pr1IeDTCyWLRITFXSBcYKFsYi9SW1UeS4TmvVcSLbQSpRv4SFAYRY+RQ2/ganzQAtR7J0dM69uscnSDhT2nG+rdLW9s7uXnm/cnB4dFy1T057Kk4loV0S81gOAqwoZ4J2NdOcDhJJcRRw2g9md7nff6RSsVh09DyhXoQngoWMYG0k367WRxHWU4J51ln4zbpv15yGswTaJG5BalCg7dtfo3FM0ogKTThWaug6ifYyLDUjnC4qo1TRBJMZntChoQJHVHnZMvgCXRpljMJYmic0Wqq/NzIcKTWPAjOZp1TrXi7+5w1THd54GRNJqqkgq0NhypGOUd4CGjNJieZzQzCRzGRFZIolJtp0VTEluOtf3iS9ZsN1Gu5Ds9a6LeoowzlcwBW4cA0tuIc2dIFACs/wCm/Wk/VivVsfq9GSVeycwR9Ynz/xnpKa</latexit><latexit sha1_base64="YGs+cpWUcTyec49pnEF6JEYKqgk=">AAAB+HicbVC7TsMwFL0pr1IeDTCyWLRITFXSBcYKFsYi9SW1UeS4TmvVcSLbQSpRv4SFAYRY+RQ2/ganzQAtR7J0dM69uscnSDhT2nG+rdLW9s7uXnm/cnB4dFy1T057Kk4loV0S81gOAqwoZ4J2NdOcDhJJcRRw2g9md7nff6RSsVh09DyhXoQngoWMYG0k367WRxHWU4J51ln4zbpv15yGswTaJG5BalCg7dtfo3FM0ogKTThWaug6ifYyLDUjnC4qo1TRBJMZntChoQJHVHnZMvgCXRpljMJYmic0Wqq/NzIcKTWPAjOZp1TrXi7+5w1THd54GRNJqqkgq0NhypGOUd4CGjNJieZzQzCRzGRFZIolJtp0VTEluOtf3iS9ZsN1Gu5Ds9a6LeoowzlcwBW4cA0tuIc2dIFACs/wCm/Wk/VivVsfq9GSVeycwR9Ynz/xnpKa</latexit><latexit sha1_base64="YGs+cpWUcTyec49pnEF6JEYKqgk=">AAAB+HicbVC7TsMwFL0pr1IeDTCyWLRITFXSBcYKFsYi9SW1UeS4TmvVcSLbQSpRv4SFAYRY+RQ2/ganzQAtR7J0dM69uscnSDhT2nG+rdLW9s7uXnm/cnB4dFy1T057Kk4loV0S81gOAqwoZ4J2NdOcDhJJcRRw2g9md7nff6RSsVh09DyhXoQngoWMYG0k367WRxHWU4J51ln4zbpv15yGswTaJG5BalCg7dtfo3FM0ogKTThWaug6ifYyLDUjnC4qo1TRBJMZntChoQJHVHnZMvgCXRpljMJYmic0Wqq/NzIcKTWPAjOZp1TrXi7+5w1THd54GRNJqqkgq0NhypGOUd4CGjNJieZzQzCRzGRFZIolJtp0VTEluOtf3iS9ZsN1Gu5Ds9a6LeoowzlcwBW4cA0tuIc2dIFACs/wCm/Wk/VivVsfq9GSVeycwR9Ynz/xnpKa</latexit><latexit sha1_base64="YGs+cpWUcTyec49pnEF6JEYKqgk=">AAAB+HicbVC7TsMwFL0pr1IeDTCyWLRITFXSBcYKFsYi9SW1UeS4TmvVcSLbQSpRv4SFAYRY+RQ2/ganzQAtR7J0dM69uscnSDhT2nG+rdLW9s7uXnm/cnB4dFy1T057Kk4loV0S81gOAqwoZ4J2NdOcDhJJcRRw2g9md7nff6RSsVh09DyhXoQngoWMYG0k367WRxHWU4J51ln4zbpv15yGswTaJG5BalCg7dtfo3FM0ogKTThWaug6ifYyLDUjnC4qo1TRBJMZntChoQJHVHnZMvgCXRpljMJYmic0Wqq/NzIcKTWPAjOZp1TrXi7+5w1THd54GRNJqqkgq0NhypGOUd4CGjNJieZzQzCRzGRFZIolJtp0VTEluOtf3iS9ZsN1Gu5Ds9a6LeoowzlcwBW4cA0tuIc2dIFACs/wCm/Wk/VivVsfq9GSVeycwR9Ynz/xnpKa</latexit> T3

<latexit sha1_base64="PFeva9FF5bp16ri+c+JRmDLss98=">AAAB+HicbVC7TsMwFL0pr1IeDTCyWLRITFVSBhgrWBiL1AdSG0WO67RWHSeyHaQS9UtYGECIlU9h429w2gzQciRLR+fcq3t8goQzpR3n2yptbG5t75R3K3v7B4dV++i4p+JUEtolMY/lQ4AV5UzQrmaa04dEUhwFnPaD6W3u9x+pVCwWHT1LqBfhsWAhI1gbyber9WGE9YRgnnXm/mXdt2tOw1kArRO3IDUo0Pbtr+EoJmlEhSYcKzVwnUR7GZaaEU7nlWGqaILJFI/pwFCBI6q8bBF8js6NMkJhLM0TGi3U3xsZjpSaRYGZzFOqVS8X//MGqQ6vvYyJJNVUkOWhMOVIxyhvAY2YpETzmSGYSGayIjLBEhNtuqqYEtzVL6+TXrPhOg33vllr3RR1lOEUzuACXLiCFtxBG7pAIIVneIU368l6sd6tj+VoySp2TuAPrM8f8yOSmw==</latexit><latexit sha1_base64="PFeva9FF5bp16ri+c+JRmDLss98=">AAAB+HicbVC7TsMwFL0pr1IeDTCyWLRITFVSBhgrWBiL1AdSG0WO67RWHSeyHaQS9UtYGECIlU9h429w2gzQciRLR+fcq3t8goQzpR3n2yptbG5t75R3K3v7B4dV++i4p+JUEtolMY/lQ4AV5UzQrmaa04dEUhwFnPaD6W3u9x+pVCwWHT1LqBfhsWAhI1gbyber9WGE9YRgnnXm/mXdt2tOw1kArRO3IDUo0Pbtr+EoJmlEhSYcKzVwnUR7GZaaEU7nlWGqaILJFI/pwFCBI6q8bBF8js6NMkJhLM0TGi3U3xsZjpSaRYGZzFOqVS8X//MGqQ6vvYyJJNVUkOWhMOVIxyhvAY2YpETzmSGYSGayIjLBEhNtuqqYEtzVL6+TXrPhOg33vllr3RR1lOEUzuACXLiCFtxBG7pAIIVneIU368l6sd6tj+VoySp2TuAPrM8f8yOSmw==</latexit><latexit sha1_base64="PFeva9FF5bp16ri+c+JRmDLss98=">AAAB+HicbVC7TsMwFL0pr1IeDTCyWLRITFVSBhgrWBiL1AdSG0WO67RWHSeyHaQS9UtYGECIlU9h429w2gzQciRLR+fcq3t8goQzpR3n2yptbG5t75R3K3v7B4dV++i4p+JUEtolMY/lQ4AV5UzQrmaa04dEUhwFnPaD6W3u9x+pVCwWHT1LqBfhsWAhI1gbyber9WGE9YRgnnXm/mXdt2tOw1kArRO3IDUo0Pbtr+EoJmlEhSYcKzVwnUR7GZaaEU7nlWGqaILJFI/pwFCBI6q8bBF8js6NMkJhLM0TGi3U3xsZjpSaRYGZzFOqVS8X//MGqQ6vvYyJJNVUkOWhMOVIxyhvAY2YpETzmSGYSGayIjLBEhNtuqqYEtzVL6+TXrPhOg33vllr3RR1lOEUzuACXLiCFtxBG7pAIIVneIU368l6sd6tj+VoySp2TuAPrM8f8yOSmw==</latexit><latexit sha1_base64="PFeva9FF5bp16ri+c+JRmDLss98=">AAAB+HicbVC7TsMwFL0pr1IeDTCyWLRITFVSBhgrWBiL1AdSG0WO67RWHSeyHaQS9UtYGECIlU9h429w2gzQciRLR+fcq3t8goQzpR3n2yptbG5t75R3K3v7B4dV++i4p+JUEtolMY/lQ4AV5UzQrmaa04dEUhwFnPaD6W3u9x+pVCwWHT1LqBfhsWAhI1gbyber9WGE9YRgnnXm/mXdt2tOw1kArRO3IDUo0Pbtr+EoJmlEhSYcKzVwnUR7GZaaEU7nlWGqaILJFI/pwFCBI6q8bBF8js6NMkJhLM0TGi3U3xsZjpSaRYGZzFOqVS8X//MGqQ6vvYyJJNVUkOWhMOVIxyhvAY2YpETzmSGYSGayIjLBEhNtuqqYEtzVL6+TXrPhOg33vllr3RR1lOEUzuACXLiCFtxBG7pAIIVneIU368l6sd6tj+VoySp2TuAPrM8f8yOSmw==</latexit>

T
<latexit sha1_base64="pXLvWWMjChlsejO75ShqXbgYAcM=">AAAB9HicbVDLTgIxFL2DL8QX6tJNI5i4IjNsdEl04xITXglMSKd0oKHtjG2HhEz4DjcuNMatH+POv7EDs1DwJE1Ozrk39/QEMWfauO63U9ja3tndK+6XDg6Pjk/Kp2cdHSWK0DaJeKR6AdaUM0nbhhlOe7GiWAScdoPpfeZ3Z1RpFsmWmcfUF3gsWcgINlbyqwOBzYRgnrYW1WG54tbcJdAm8XJSgRzNYflrMIpIIqg0hGOt+54bGz/FyjDC6aI0SDSNMZniMe1bKrGg2k+XoRfoyiojFEbKPmnQUv29kWKh9VwEdjLLqNe9TPzP6ycmvPVTJuPEUElWh8KEIxOhrAE0YooSw+eWYKKYzYrIBCtMjO2pZEvw1r+8STr1mufWvMd6pXGX11GEC7iEa/DgBhrwAE1oA4EneIZXeHNmzovz7nysRgtOvnMOf+B8/gBJ4JHE</latexit><latexit sha1_base64="pXLvWWMjChlsejO75ShqXbgYAcM=">AAAB9HicbVDLTgIxFL2DL8QX6tJNI5i4IjNsdEl04xITXglMSKd0oKHtjG2HhEz4DjcuNMatH+POv7EDs1DwJE1Ozrk39/QEMWfauO63U9ja3tndK+6XDg6Pjk/Kp2cdHSWK0DaJeKR6AdaUM0nbhhlOe7GiWAScdoPpfeZ3Z1RpFsmWmcfUF3gsWcgINlbyqwOBzYRgnrYW1WG54tbcJdAm8XJSgRzNYflrMIpIIqg0hGOt+54bGz/FyjDC6aI0SDSNMZniMe1bKrGg2k+XoRfoyiojFEbKPmnQUv29kWKh9VwEdjLLqNe9TPzP6ycmvPVTJuPEUElWh8KEIxOhrAE0YooSw+eWYKKYzYrIBCtMjO2pZEvw1r+8STr1mufWvMd6pXGX11GEC7iEa/DgBhrwAE1oA4EneIZXeHNmzovz7nysRgtOvnMOf+B8/gBJ4JHE</latexit><latexit sha1_base64="pXLvWWMjChlsejO75ShqXbgYAcM=">AAAB9HicbVDLTgIxFL2DL8QX6tJNI5i4IjNsdEl04xITXglMSKd0oKHtjG2HhEz4DjcuNMatH+POv7EDs1DwJE1Ozrk39/QEMWfauO63U9ja3tndK+6XDg6Pjk/Kp2cdHSWK0DaJeKR6AdaUM0nbhhlOe7GiWAScdoPpfeZ3Z1RpFsmWmcfUF3gsWcgINlbyqwOBzYRgnrYW1WG54tbcJdAm8XJSgRzNYflrMIpIIqg0hGOt+54bGz/FyjDC6aI0SDSNMZniMe1bKrGg2k+XoRfoyiojFEbKPmnQUv29kWKh9VwEdjLLqNe9TPzP6ycmvPVTJuPEUElWh8KEIxOhrAE0YooSw+eWYKKYzYrIBCtMjO2pZEvw1r+8STr1mufWvMd6pXGX11GEC7iEa/DgBhrwAE1oA4EneIZXeHNmzovz7nysRgtOvnMOf+B8/gBJ4JHE</latexit><latexit sha1_base64="pXLvWWMjChlsejO75ShqXbgYAcM=">AAAB9HicbVDLTgIxFL2DL8QX6tJNI5i4IjNsdEl04xITXglMSKd0oKHtjG2HhEz4DjcuNMatH+POv7EDs1DwJE1Ozrk39/QEMWfauO63U9ja3tndK+6XDg6Pjk/Kp2cdHSWK0DaJeKR6AdaUM0nbhhlOe7GiWAScdoPpfeZ3Z1RpFsmWmcfUF3gsWcgINlbyqwOBzYRgnrYW1WG54tbcJdAm8XJSgRzNYflrMIpIIqg0hGOt+54bGz/FyjDC6aI0SDSNMZniMe1bKrGg2k+XoRfoyiojFEbKPmnQUv29kWKh9VwEdjLLqNe9TPzP6ycmvPVTJuPEUElWh8KEIxOhrAE0YooSw+eWYKKYzYrIBCtMjO2pZEvw1r+8STr1mufWvMd6pXGX11GEC7iEa/DgBhrwAE1oA4EneIZXeHNmzovz7nysRgtOvnMOf+B8/gBJ4JHE</latexit>

(a) (b) (c) (d) (e)

1<latexit sha1_base64="D5XelKxIjhs0XukAb02d1jJpnIA=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lhjlI4EL2Vv2YMPe3mV3zoRc+Ak2Fhpj6y+y89+4wBUKvmSSl/dmMjMvSKQw6LrfTmFjc2t7p7hb2ts/ODwqH5+0TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST27nfeeLaiFg94jThfkRHSoSCUbTSQ9WrDsoVt+YuQNaJl5MK5GgOyl/9YczSiCtkkhrT89wE/YxqFEzyWamfGp5QNqEj3rNU0YgbP1ucOiMXVhmSMNa2FJKF+nsio5Ex0yiwnRHFsVn15uJ/Xi/F8NrPhEpS5IotF4WpJBiT+d9kKDRnKKeWUKaFvZWwMdWUoU2nZEPwVl9eJ+16zXNr3n290rjJ4yjCGZzDJXhwBQ24gya0gMEInuEV3hzpvDjvzseyteDkM6fwB87nDzFvjQ8=</latexit><latexit sha1_base64="D5XelKxIjhs0XukAb02d1jJpnIA=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lhjlI4EL2Vv2YMPe3mV3zoRc+Ak2Fhpj6y+y89+4wBUKvmSSl/dmMjMvSKQw6LrfTmFjc2t7p7hb2ts/ODwqH5+0TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST27nfeeLaiFg94jThfkRHSoSCUbTSQ9WrDsoVt+YuQNaJl5MK5GgOyl/9YczSiCtkkhrT89wE/YxqFEzyWamfGp5QNqEj3rNU0YgbP1ucOiMXVhmSMNa2FJKF+nsio5Ex0yiwnRHFsVn15uJ/Xi/F8NrPhEpS5IotF4WpJBiT+d9kKDRnKKeWUKaFvZWwMdWUoU2nZEPwVl9eJ+16zXNr3n290rjJ4yjCGZzDJXhwBQ24gya0gMEInuEV3hzpvDjvzseyteDkM6fwB87nDzFvjQ8=</latexit><latexit sha1_base64="D5XelKxIjhs0XukAb02d1jJpnIA=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lhjlI4EL2Vv2YMPe3mV3zoRc+Ak2Fhpj6y+y89+4wBUKvmSSl/dmMjMvSKQw6LrfTmFjc2t7p7hb2ts/ODwqH5+0TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST27nfeeLaiFg94jThfkRHSoSCUbTSQ9WrDsoVt+YuQNaJl5MK5GgOyl/9YczSiCtkkhrT89wE/YxqFEzyWamfGp5QNqEj3rNU0YgbP1ucOiMXVhmSMNa2FJKF+nsio5Ex0yiwnRHFsVn15uJ/Xi/F8NrPhEpS5IotF4WpJBiT+d9kKDRnKKeWUKaFvZWwMdWUoU2nZEPwVl9eJ+16zXNr3n290rjJ4yjCGZzDJXhwBQ24gya0gMEInuEV3hzpvDjvzseyteDkM6fwB87nDzFvjQ8=</latexit><latexit sha1_base64="D5XelKxIjhs0XukAb02d1jJpnIA=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lhjlI4EL2Vv2YMPe3mV3zoRc+Ak2Fhpj6y+y89+4wBUKvmSSl/dmMjMvSKQw6LrfTmFjc2t7p7hb2ts/ODwqH5+0TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST27nfeeLaiFg94jThfkRHSoSCUbTSQ9WrDsoVt+YuQNaJl5MK5GgOyl/9YczSiCtkkhrT89wE/YxqFEzyWamfGp5QNqEj3rNU0YgbP1ucOiMXVhmSMNa2FJKF+nsio5Ex0yiwnRHFsVn15uJ/Xi/F8NrPhEpS5IotF4WpJBiT+d9kKDRnKKeWUKaFvZWwMdWUoU2nZEPwVl9eJ+16zXNr3n290rjJ4yjCGZzDJXhwBQ24gya0gMEInuEV3hzpvDjvzseyteDkM6fwB87nDzFvjQ8=</latexit>

2<latexit sha1_base64="GBBM0R257LJxtysfFC7S8dhdBV0=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lhjlI4EL2Vv2YMPe3mV3zoRc+Ak2Fhpj6y+y89+4wBUKvmSSl/dmMjMvSKQw6LrfTmFjc2t7p7hb2ts/ODwqH5+0TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST27nfeeLaiFg94jThfkRHSoSCUbTSQ7VeHZQrbs1dgKwTLycVyNEclL/6w5ilEVfIJDWm57kJ+hnVKJjks1I/NTyhbEJHvGepohE3frY4dUYurDIkYaxtKSQL9fdERiNjplFgOyOKY7PqzcX/vF6K4bWfCZWkyBVbLgpTSTAm87/JUGjOUE4toUwLeythY6opQ5tOyYbgrb68Ttr1mufWvPt6pXGTx1GEMziHS/DgChpwB01oAYMRPMMrvDnSeXHenY9la8HJZ07hD5zPHzL0jRA=</latexit><latexit sha1_base64="GBBM0R257LJxtysfFC7S8dhdBV0=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lhjlI4EL2Vv2YMPe3mV3zoRc+Ak2Fhpj6y+y89+4wBUKvmSSl/dmMjMvSKQw6LrfTmFjc2t7p7hb2ts/ODwqH5+0TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST27nfeeLaiFg94jThfkRHSoSCUbTSQ7VeHZQrbs1dgKwTLycVyNEclL/6w5ilEVfIJDWm57kJ+hnVKJjks1I/NTyhbEJHvGepohE3frY4dUYurDIkYaxtKSQL9fdERiNjplFgOyOKY7PqzcX/vF6K4bWfCZWkyBVbLgpTSTAm87/JUGjOUE4toUwLeythY6opQ5tOyYbgrb68Ttr1mufWvPt6pXGTx1GEMziHS/DgChpwB01oAYMRPMMrvDnSeXHenY9la8HJZ07hD5zPHzL0jRA=</latexit><latexit sha1_base64="GBBM0R257LJxtysfFC7S8dhdBV0=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lhjlI4EL2Vv2YMPe3mV3zoRc+Ak2Fhpj6y+y89+4wBUKvmSSl/dmMjMvSKQw6LrfTmFjc2t7p7hb2ts/ODwqH5+0TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST27nfeeLaiFg94jThfkRHSoSCUbTSQ7VeHZQrbs1dgKwTLycVyNEclL/6w5ilEVfIJDWm57kJ+hnVKJjks1I/NTyhbEJHvGepohE3frY4dUYurDIkYaxtKSQL9fdERiNjplFgOyOKY7PqzcX/vF6K4bWfCZWkyBVbLgpTSTAm87/JUGjOUE4toUwLeythY6opQ5tOyYbgrb68Ttr1mufWvPt6pXGTx1GEMziHS/DgChpwB01oAYMRPMMrvDnSeXHenY9la8HJZ07hD5zPHzL0jRA=</latexit><latexit sha1_base64="GBBM0R257LJxtysfFC7S8dhdBV0=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lhjlI4EL2Vv2YMPe3mV3zoRc+Ak2Fhpj6y+y89+4wBUKvmSSl/dmMjMvSKQw6LrfTmFjc2t7p7hb2ts/ODwqH5+0TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST27nfeeLaiFg94jThfkRHSoSCUbTSQ7VeHZQrbs1dgKwTLycVyNEclL/6w5ilEVfIJDWm57kJ+hnVKJjks1I/NTyhbEJHvGepohE3frY4dUYurDIkYaxtKSQL9fdERiNjplFgOyOKY7PqzcX/vF6K4bWfCZWkyBVbLgpTSTAm87/JUGjOUE4toUwLeythY6opQ5tOyYbgrb68Ttr1mufWvPt6pXGTx1GEMziHS/DgChpwB01oAYMRPMMrvDnSeXHenY9la8HJZ07hD5zPHzL0jRA=</latexit> 3
<latexit sha1_base64="7CQx4GGb2cfckLQfUIH+mzZe9ks=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsstCTaWGIUJIEL2VvmYMPe3mV3z4Rc+Ak2Fhpj6y+y89+4wBUKvmSSl/dmMjMvSATXxnW/ncLa+sbmVnG7tLO7t39QPjxq6zhVDFssFrHqBFSj4BJbhhuBnUQhjQKBj8H4ZuY/PqHSPJYPZpKgH9Gh5CFn1FjpvnpR7Zcrbs2dg6wSLycVyNHsl796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwis/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdKu1zy35t3VK43rPI4inMApnIMHl9CAW2hCCxgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gA0eY0R</latexit><latexit sha1_base64="7CQx4GGb2cfckLQfUIH+mzZe9ks=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsstCTaWGIUJIEL2VvmYMPe3mV3z4Rc+Ak2Fhpj6y+y89+4wBUKvmSSl/dmMjMvSATXxnW/ncLa+sbmVnG7tLO7t39QPjxq6zhVDFssFrHqBFSj4BJbhhuBnUQhjQKBj8H4ZuY/PqHSPJYPZpKgH9Gh5CFn1FjpvnpR7Zcrbs2dg6wSLycVyNHsl796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwis/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdKu1zy35t3VK43rPI4inMApnIMHl9CAW2hCCxgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gA0eY0R</latexit><latexit sha1_base64="7CQx4GGb2cfckLQfUIH+mzZe9ks=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsstCTaWGIUJIEL2VvmYMPe3mV3z4Rc+Ak2Fhpj6y+y89+4wBUKvmSSl/dmMjMvSATXxnW/ncLa+sbmVnG7tLO7t39QPjxq6zhVDFssFrHqBFSj4BJbhhuBnUQhjQKBj8H4ZuY/PqHSPJYPZpKgH9Gh5CFn1FjpvnpR7Zcrbs2dg6wSLycVyNHsl796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwis/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdKu1zy35t3VK43rPI4inMApnIMHl9CAW2hCCxgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gA0eY0R</latexit><latexit sha1_base64="7CQx4GGb2cfckLQfUIH+mzZe9ks=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsstCTaWGIUJIEL2VvmYMPe3mV3z4Rc+Ak2Fhpj6y+y89+4wBUKvmSSl/dmMjMvSATXxnW/ncLa+sbmVnG7tLO7t39QPjxq6zhVDFssFrHqBFSj4BJbhhuBnUQhjQKBj8H4ZuY/PqHSPJYPZpKgH9Gh5CFn1FjpvnpR7Zcrbs2dg6wSLycVyNHsl796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwis/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdKu1zy35t3VK43rPI4inMApnIMHl9CAW2hCCxgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gA0eY0R</latexit>

4<latexit sha1_base64="P75NvjhpwxoJjOs5LptBpaGimfM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LLaCp5IUQY9FLx4r2lpoQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgbjm5n/+IRK81g+mEmCfkSHkoecUWOl++pFtV+uuDV3DrJKvJxUIEezX/7qDWKWRigNE1Trrucmxs+oMpwJnJZ6qcaEsjEdYtdSSSPUfjY/dUrOrDIgYaxsSUPm6u+JjEZaT6LAdkbUjPSyNxP/87qpCa/8jMskNSjZYlGYCmJiMvubDLhCZsTEEsoUt7cSNqKKMmPTKdkQvOWXV0m7XvPcmndXrzSu8ziKcAKncA4eXEIDbqEJLWAwhGd4hTdHOC/Ou/OxaC04+cwx/IHz+QM1/o0S</latexit><latexit sha1_base64="P75NvjhpwxoJjOs5LptBpaGimfM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LLaCp5IUQY9FLx4r2lpoQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgbjm5n/+IRK81g+mEmCfkSHkoecUWOl++pFtV+uuDV3DrJKvJxUIEezX/7qDWKWRigNE1Trrucmxs+oMpwJnJZ6qcaEsjEdYtdSSSPUfjY/dUrOrDIgYaxsSUPm6u+JjEZaT6LAdkbUjPSyNxP/87qpCa/8jMskNSjZYlGYCmJiMvubDLhCZsTEEsoUt7cSNqKKMmPTKdkQvOWXV0m7XvPcmndXrzSu8ziKcAKncA4eXEIDbqEJLWAwhGd4hTdHOC/Ou/OxaC04+cwx/IHz+QM1/o0S</latexit><latexit sha1_base64="P75NvjhpwxoJjOs5LptBpaGimfM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LLaCp5IUQY9FLx4r2lpoQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgbjm5n/+IRK81g+mEmCfkSHkoecUWOl++pFtV+uuDV3DrJKvJxUIEezX/7qDWKWRigNE1Trrucmxs+oMpwJnJZ6qcaEsjEdYtdSSSPUfjY/dUrOrDIgYaxsSUPm6u+JjEZaT6LAdkbUjPSyNxP/87qpCa/8jMskNSjZYlGYCmJiMvubDLhCZsTEEsoUt7cSNqKKMmPTKdkQvOWXV0m7XvPcmndXrzSu8ziKcAKncA4eXEIDbqEJLWAwhGd4hTdHOC/Ou/OxaC04+cwx/IHz+QM1/o0S</latexit><latexit sha1_base64="P75NvjhpwxoJjOs5LptBpaGimfM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LLaCp5IUQY9FLx4r2lpoQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgbjm5n/+IRK81g+mEmCfkSHkoecUWOl++pFtV+uuDV3DrJKvJxUIEezX/7qDWKWRigNE1Trrucmxs+oMpwJnJZ6qcaEsjEdYtdSSSPUfjY/dUrOrDIgYaxsSUPm6u+JjEZaT6LAdkbUjPSyNxP/87qpCa/8jMskNSjZYlGYCmJiMvubDLhCZsTEEsoUt7cSNqKKMmPTKdkQvOWXV0m7XvPcmndXrzSu8ziKcAKncA4eXEIDbqEJLWAwhGd4hTdHOC/Ou/OxaC04+cwx/IHz+QM1/o0S</latexit>

2, 3
<latexit sha1_base64="cwSwBlZNYUAIzPF8ztenZoNkm/w=">AAAB7HicbVA9TwJBEJ3zE/ELtbTZCCYWhtxhoSXRxhITD0jgQvaWPdiwt3fZnTMhhN9gY6Extv4gO/+NC1yh4EsmeXlvJjPzwlQKg6777aytb2xubRd2irt7+weHpaPjpkkyzbjPEpnodkgNl0JxHwVK3k41p3EoeSsc3c381hPXRiTqEccpD2I6UCISjKKV/Ert8qrSK5XdqjsHWSVeTsqQo9ErfXX7CctirpBJakzHc1MMJlSjYJJPi93M8JSyER3wjqWKxtwEk/mxU3JulT6JEm1LIZmrvycmNDZmHIe2M6Y4NMveTPzP62QY3QQTodIMuWKLRVEmCSZk9jnpC80ZyrEllGlhbyVsSDVlaPMp2hC85ZdXSbNW9dyq91Ar12/zOApwCmdwAR5cQx3uoQE+MBDwDK/w5ijnxXl3Phata04+cwJ/4Hz+AA4IjYM=</latexit><latexit sha1_base64="cwSwBlZNYUAIzPF8ztenZoNkm/w=">AAAB7HicbVA9TwJBEJ3zE/ELtbTZCCYWhtxhoSXRxhITD0jgQvaWPdiwt3fZnTMhhN9gY6Extv4gO/+NC1yh4EsmeXlvJjPzwlQKg6777aytb2xubRd2irt7+weHpaPjpkkyzbjPEpnodkgNl0JxHwVK3k41p3EoeSsc3c381hPXRiTqEccpD2I6UCISjKKV/Ert8qrSK5XdqjsHWSVeTsqQo9ErfXX7CctirpBJakzHc1MMJlSjYJJPi93M8JSyER3wjqWKxtwEk/mxU3JulT6JEm1LIZmrvycmNDZmHIe2M6Y4NMveTPzP62QY3QQTodIMuWKLRVEmCSZk9jnpC80ZyrEllGlhbyVsSDVlaPMp2hC85ZdXSbNW9dyq91Ar12/zOApwCmdwAR5cQx3uoQE+MBDwDK/w5ijnxXl3Phata04+cwJ/4Hz+AA4IjYM=</latexit><latexit sha1_base64="cwSwBlZNYUAIzPF8ztenZoNkm/w=">AAAB7HicbVA9TwJBEJ3zE/ELtbTZCCYWhtxhoSXRxhITD0jgQvaWPdiwt3fZnTMhhN9gY6Extv4gO/+NC1yh4EsmeXlvJjPzwlQKg6777aytb2xubRd2irt7+weHpaPjpkkyzbjPEpnodkgNl0JxHwVK3k41p3EoeSsc3c381hPXRiTqEccpD2I6UCISjKKV/Ert8qrSK5XdqjsHWSVeTsqQo9ErfXX7CctirpBJakzHc1MMJlSjYJJPi93M8JSyER3wjqWKxtwEk/mxU3JulT6JEm1LIZmrvycmNDZmHIe2M6Y4NMveTPzP62QY3QQTodIMuWKLRVEmCSZk9jnpC80ZyrEllGlhbyVsSDVlaPMp2hC85ZdXSbNW9dyq91Ar12/zOApwCmdwAR5cQx3uoQE+MBDwDK/w5ijnxXl3Phata04+cwJ/4Hz+AA4IjYM=</latexit><latexit sha1_base64="cwSwBlZNYUAIzPF8ztenZoNkm/w=">AAAB7HicbVA9TwJBEJ3zE/ELtbTZCCYWhtxhoSXRxhITD0jgQvaWPdiwt3fZnTMhhN9gY6Extv4gO/+NC1yh4EsmeXlvJjPzwlQKg6777aytb2xubRd2irt7+weHpaPjpkkyzbjPEpnodkgNl0JxHwVK3k41p3EoeSsc3c381hPXRiTqEccpD2I6UCISjKKV/Ert8qrSK5XdqjsHWSVeTsqQo9ErfXX7CctirpBJakzHc1MMJlSjYJJPi93M8JSyER3wjqWKxtwEk/mxU3JulT6JEm1LIZmrvycmNDZmHIe2M6Y4NMveTPzP62QY3QQTodIMuWKLRVEmCSZk9jnpC80ZyrEllGlhbyVsSDVlaPMp2hC85ZdXSbNW9dyq91Ar12/zOApwCmdwAR5cQx3uoQE+MBDwDK/w5ijnxXl3Phata04+cwJ/4Hz+AA4IjYM=</latexit>

1<latexit sha1_base64="D5XelKxIjhs0XukAb02d1jJpnIA=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lhjlI4EL2Vv2YMPe3mV3zoRc+Ak2Fhpj6y+y89+4wBUKvmSSl/dmMjMvSKQw6LrfTmFjc2t7p7hb2ts/ODwqH5+0TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST27nfeeLaiFg94jThfkRHSoSCUbTSQ9WrDsoVt+YuQNaJl5MK5GgOyl/9YczSiCtkkhrT89wE/YxqFEzyWamfGp5QNqEj3rNU0YgbP1ucOiMXVhmSMNa2FJKF+nsio5Ex0yiwnRHFsVn15uJ/Xi/F8NrPhEpS5IotF4WpJBiT+d9kKDRnKKeWUKaFvZWwMdWUoU2nZEPwVl9eJ+16zXNr3n290rjJ4yjCGZzDJXhwBQ24gya0gMEInuEV3hzpvDjvzseyteDkM6fwB87nDzFvjQ8=</latexit><latexit sha1_base64="D5XelKxIjhs0XukAb02d1jJpnIA=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lhjlI4EL2Vv2YMPe3mV3zoRc+Ak2Fhpj6y+y89+4wBUKvmSSl/dmMjMvSKQw6LrfTmFjc2t7p7hb2ts/ODwqH5+0TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST27nfeeLaiFg94jThfkRHSoSCUbTSQ9WrDsoVt+YuQNaJl5MK5GgOyl/9YczSiCtkkhrT89wE/YxqFEzyWamfGp5QNqEj3rNU0YgbP1ucOiMXVhmSMNa2FJKF+nsio5Ex0yiwnRHFsVn15uJ/Xi/F8NrPhEpS5IotF4WpJBiT+d9kKDRnKKeWUKaFvZWwMdWUoU2nZEPwVl9eJ+16zXNr3n290rjJ4yjCGZzDJXhwBQ24gya0gMEInuEV3hzpvDjvzseyteDkM6fwB87nDzFvjQ8=</latexit><latexit sha1_base64="D5XelKxIjhs0XukAb02d1jJpnIA=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lhjlI4EL2Vv2YMPe3mV3zoRc+Ak2Fhpj6y+y89+4wBUKvmSSl/dmMjMvSKQw6LrfTmFjc2t7p7hb2ts/ODwqH5+0TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST27nfeeLaiFg94jThfkRHSoSCUbTSQ9WrDsoVt+YuQNaJl5MK5GgOyl/9YczSiCtkkhrT89wE/YxqFEzyWamfGp5QNqEj3rNU0YgbP1ucOiMXVhmSMNa2FJKF+nsio5Ex0yiwnRHFsVn15uJ/Xi/F8NrPhEpS5IotF4WpJBiT+d9kKDRnKKeWUKaFvZWwMdWUoU2nZEPwVl9eJ+16zXNr3n290rjJ4yjCGZzDJXhwBQ24gya0gMEInuEV3hzpvDjvzseyteDkM6fwB87nDzFvjQ8=</latexit><latexit sha1_base64="D5XelKxIjhs0XukAb02d1jJpnIA=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lhjlI4EL2Vv2YMPe3mV3zoRc+Ak2Fhpj6y+y89+4wBUKvmSSl/dmMjMvSKQw6LrfTmFjc2t7p7hb2ts/ODwqH5+0TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST27nfeeLaiFg94jThfkRHSoSCUbTSQ9WrDsoVt+YuQNaJl5MK5GgOyl/9YczSiCtkkhrT89wE/YxqFEzyWamfGp5QNqEj3rNU0YgbP1ucOiMXVhmSMNa2FJKF+nsio5Ex0yiwnRHFsVn15uJ/Xi/F8NrPhEpS5IotF4WpJBiT+d9kKDRnKKeWUKaFvZWwMdWUoU2nZEPwVl9eJ+16zXNr3n290rjJ4yjCGZzDJXhwBQ24gya0gMEInuEV3hzpvDjvzseyteDkM6fwB87nDzFvjQ8=</latexit>

4<latexit sha1_base64="P75NvjhpwxoJjOs5LptBpaGimfM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LLaCp5IUQY9FLx4r2lpoQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgbjm5n/+IRK81g+mEmCfkSHkoecUWOl++pFtV+uuDV3DrJKvJxUIEezX/7qDWKWRigNE1Trrucmxs+oMpwJnJZ6qcaEsjEdYtdSSSPUfjY/dUrOrDIgYaxsSUPm6u+JjEZaT6LAdkbUjPSyNxP/87qpCa/8jMskNSjZYlGYCmJiMvubDLhCZsTEEsoUt7cSNqKKMmPTKdkQvOWXV0m7XvPcmndXrzSu8ziKcAKncA4eXEIDbqEJLWAwhGd4hTdHOC/Ou/OxaC04+cwx/IHz+QM1/o0S</latexit><latexit sha1_base64="P75NvjhpwxoJjOs5LptBpaGimfM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LLaCp5IUQY9FLx4r2lpoQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgbjm5n/+IRK81g+mEmCfkSHkoecUWOl++pFtV+uuDV3DrJKvJxUIEezX/7qDWKWRigNE1Trrucmxs+oMpwJnJZ6qcaEsjEdYtdSSSPUfjY/dUrOrDIgYaxsSUPm6u+JjEZaT6LAdkbUjPSyNxP/87qpCa/8jMskNSjZYlGYCmJiMvubDLhCZsTEEsoUt7cSNqKKMmPTKdkQvOWXV0m7XvPcmndXrzSu8ziKcAKncA4eXEIDbqEJLWAwhGd4hTdHOC/Ou/OxaC04+cwx/IHz+QM1/o0S</latexit><latexit sha1_base64="P75NvjhpwxoJjOs5LptBpaGimfM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LLaCp5IUQY9FLx4r2lpoQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgbjm5n/+IRK81g+mEmCfkSHkoecUWOl++pFtV+uuDV3DrJKvJxUIEezX/7qDWKWRigNE1Trrucmxs+oMpwJnJZ6qcaEsjEdYtdSSSPUfjY/dUrOrDIgYaxsSUPm6u+JjEZaT6LAdkbUjPSyNxP/87qpCa/8jMskNSjZYlGYCmJiMvubDLhCZsTEEsoUt7cSNqKKMmPTKdkQvOWXV0m7XvPcmndXrzSu8ziKcAKncA4eXEIDbqEJLWAwhGd4hTdHOC/Ou/OxaC04+cwx/IHz+QM1/o0S</latexit><latexit sha1_base64="P75NvjhpwxoJjOs5LptBpaGimfM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LLaCp5IUQY9FLx4r2lpoQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgbjm5n/+IRK81g+mEmCfkSHkoecUWOl++pFtV+uuDV3DrJKvJxUIEezX/7qDWKWRigNE1Trrucmxs+oMpwJnJZ6qcaEsjEdYtdSSSPUfjY/dUrOrDIgYaxsSUPm6u+JjEZaT6LAdkbUjPSyNxP/87qpCa/8jMskNSjZYlGYCmJiMvubDLhCZsTEEsoUt7cSNqKKMmPTKdkQvOWXV0m7XvPcmndXrzSu8ziKcAKncA4eXEIDbqEJLWAwhGd4hTdHOC/Ou/OxaC04+cwx/IHz+QM1/o0S</latexit>

1<latexit sha1_base64="D5XelKxIjhs0XukAb02d1jJpnIA=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lhjlI4EL2Vv2YMPe3mV3zoRc+Ak2Fhpj6y+y89+4wBUKvmSSl/dmMjMvSKQw6LrfTmFjc2t7p7hb2ts/ODwqH5+0TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST27nfeeLaiFg94jThfkRHSoSCUbTSQ9WrDsoVt+YuQNaJl5MK5GgOyl/9YczSiCtkkhrT89wE/YxqFEzyWamfGp5QNqEj3rNU0YgbP1ucOiMXVhmSMNa2FJKF+nsio5Ex0yiwnRHFsVn15uJ/Xi/F8NrPhEpS5IotF4WpJBiT+d9kKDRnKKeWUKaFvZWwMdWUoU2nZEPwVl9eJ+16zXNr3n290rjJ4yjCGZzDJXhwBQ24gya0gMEInuEV3hzpvDjvzseyteDkM6fwB87nDzFvjQ8=</latexit><latexit sha1_base64="D5XelKxIjhs0XukAb02d1jJpnIA=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lhjlI4EL2Vv2YMPe3mV3zoRc+Ak2Fhpj6y+y89+4wBUKvmSSl/dmMjMvSKQw6LrfTmFjc2t7p7hb2ts/ODwqH5+0TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST27nfeeLaiFg94jThfkRHSoSCUbTSQ9WrDsoVt+YuQNaJl5MK5GgOyl/9YczSiCtkkhrT89wE/YxqFEzyWamfGp5QNqEj3rNU0YgbP1ucOiMXVhmSMNa2FJKF+nsio5Ex0yiwnRHFsVn15uJ/Xi/F8NrPhEpS5IotF4WpJBiT+d9kKDRnKKeWUKaFvZWwMdWUoU2nZEPwVl9eJ+16zXNr3n290rjJ4yjCGZzDJXhwBQ24gya0gMEInuEV3hzpvDjvzseyteDkM6fwB87nDzFvjQ8=</latexit><latexit sha1_base64="D5XelKxIjhs0XukAb02d1jJpnIA=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lhjlI4EL2Vv2YMPe3mV3zoRc+Ak2Fhpj6y+y89+4wBUKvmSSl/dmMjMvSKQw6LrfTmFjc2t7p7hb2ts/ODwqH5+0TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST27nfeeLaiFg94jThfkRHSoSCUbTSQ9WrDsoVt+YuQNaJl5MK5GgOyl/9YczSiCtkkhrT89wE/YxqFEzyWamfGp5QNqEj3rNU0YgbP1ucOiMXVhmSMNa2FJKF+nsio5Ex0yiwnRHFsVn15uJ/Xi/F8NrPhEpS5IotF4WpJBiT+d9kKDRnKKeWUKaFvZWwMdWUoU2nZEPwVl9eJ+16zXNr3n290rjJ4yjCGZzDJXhwBQ24gya0gMEInuEV3hzpvDjvzseyteDkM6fwB87nDzFvjQ8=</latexit><latexit sha1_base64="D5XelKxIjhs0XukAb02d1jJpnIA=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lhjlI4EL2Vv2YMPe3mV3zoRc+Ak2Fhpj6y+y89+4wBUKvmSSl/dmMjMvSKQw6LrfTmFjc2t7p7hb2ts/ODwqH5+0TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST27nfeeLaiFg94jThfkRHSoSCUbTSQ9WrDsoVt+YuQNaJl5MK5GgOyl/9YczSiCtkkhrT89wE/YxqFEzyWamfGp5QNqEj3rNU0YgbP1ucOiMXVhmSMNa2FJKF+nsio5Ex0yiwnRHFsVn15uJ/Xi/F8NrPhEpS5IotF4WpJBiT+d9kKDRnKKeWUKaFvZWwMdWUoU2nZEPwVl9eJ+16zXNr3n290rjJ4yjCGZzDJXhwBQ24gya0gMEInuEV3hzpvDjvzseyteDkM6fwB87nDzFvjQ8=</latexit>

2<latexit sha1_base64="GBBM0R257LJxtysfFC7S8dhdBV0=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lhjlI4EL2Vv2YMPe3mV3zoRc+Ak2Fhpj6y+y89+4wBUKvmSSl/dmMjMvSKQw6LrfTmFjc2t7p7hb2ts/ODwqH5+0TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST27nfeeLaiFg94jThfkRHSoSCUbTSQ7VeHZQrbs1dgKwTLycVyNEclL/6w5ilEVfIJDWm57kJ+hnVKJjks1I/NTyhbEJHvGepohE3frY4dUYurDIkYaxtKSQL9fdERiNjplFgOyOKY7PqzcX/vF6K4bWfCZWkyBVbLgpTSTAm87/JUGjOUE4toUwLeythY6opQ5tOyYbgrb68Ttr1mufWvPt6pXGTx1GEMziHS/DgChpwB01oAYMRPMMrvDnSeXHenY9la8HJZ07hD5zPHzL0jRA=</latexit><latexit sha1_base64="GBBM0R257LJxtysfFC7S8dhdBV0=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lhjlI4EL2Vv2YMPe3mV3zoRc+Ak2Fhpj6y+y89+4wBUKvmSSl/dmMjMvSKQw6LrfTmFjc2t7p7hb2ts/ODwqH5+0TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST27nfeeLaiFg94jThfkRHSoSCUbTSQ7VeHZQrbs1dgKwTLycVyNEclL/6w5ilEVfIJDWm57kJ+hnVKJjks1I/NTyhbEJHvGepohE3frY4dUYurDIkYaxtKSQL9fdERiNjplFgOyOKY7PqzcX/vF6K4bWfCZWkyBVbLgpTSTAm87/JUGjOUE4toUwLeythY6opQ5tOyYbgrb68Ttr1mufWvPt6pXGTx1GEMziHS/DgChpwB01oAYMRPMMrvDnSeXHenY9la8HJZ07hD5zPHzL0jRA=</latexit><latexit sha1_base64="GBBM0R257LJxtysfFC7S8dhdBV0=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lhjlI4EL2Vv2YMPe3mV3zoRc+Ak2Fhpj6y+y89+4wBUKvmSSl/dmMjMvSKQw6LrfTmFjc2t7p7hb2ts/ODwqH5+0TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST27nfeeLaiFg94jThfkRHSoSCUbTSQ7VeHZQrbs1dgKwTLycVyNEclL/6w5ilEVfIJDWm57kJ+hnVKJjks1I/NTyhbEJHvGepohE3frY4dUYurDIkYaxtKSQL9fdERiNjplFgOyOKY7PqzcX/vF6K4bWfCZWkyBVbLgpTSTAm87/JUGjOUE4toUwLeythY6opQ5tOyYbgrb68Ttr1mufWvPt6pXGTx1GEMziHS/DgChpwB01oAYMRPMMrvDnSeXHenY9la8HJZ07hD5zPHzL0jRA=</latexit><latexit sha1_base64="GBBM0R257LJxtysfFC7S8dhdBV0=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lhjlI4EL2Vv2YMPe3mV3zoRc+Ak2Fhpj6y+y89+4wBUKvmSSl/dmMjMvSKQw6LrfTmFjc2t7p7hb2ts/ODwqH5+0TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST27nfeeLaiFg94jThfkRHSoSCUbTSQ7VeHZQrbs1dgKwTLycVyNEclL/6w5ilEVfIJDWm57kJ+hnVKJjks1I/NTyhbEJHvGepohE3frY4dUYurDIkYaxtKSQL9fdERiNjplFgOyOKY7PqzcX/vF6K4bWfCZWkyBVbLgpTSTAm87/JUGjOUE4toUwLeythY6opQ5tOyYbgrb68Ttr1mufWvPt6pXGTx1GEMziHS/DgChpwB01oAYMRPMMrvDnSeXHenY9la8HJZ07hD5zPHzL0jRA=</latexit>

3
<latexit sha1_base64="7CQx4GGb2cfckLQfUIH+mzZe9ks=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsstCTaWGIUJIEL2VvmYMPe3mV3z4Rc+Ak2Fhpj6y+y89+4wBUKvmSSl/dmMjMvSATXxnW/ncLa+sbmVnG7tLO7t39QPjxq6zhVDFssFrHqBFSj4BJbhhuBnUQhjQKBj8H4ZuY/PqHSPJYPZpKgH9Gh5CFn1FjpvnpR7Zcrbs2dg6wSLycVyNHsl796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwis/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdKu1zy35t3VK43rPI4inMApnIMHl9CAW2hCCxgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gA0eY0R</latexit><latexit sha1_base64="7CQx4GGb2cfckLQfUIH+mzZe9ks=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsstCTaWGIUJIEL2VvmYMPe3mV3z4Rc+Ak2Fhpj6y+y89+4wBUKvmSSl/dmMjMvSATXxnW/ncLa+sbmVnG7tLO7t39QPjxq6zhVDFssFrHqBFSj4BJbhhuBnUQhjQKBj8H4ZuY/PqHSPJYPZpKgH9Gh5CFn1FjpvnpR7Zcrbs2dg6wSLycVyNHsl796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwis/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdKu1zy35t3VK43rPI4inMApnIMHl9CAW2hCCxgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gA0eY0R</latexit><latexit sha1_base64="7CQx4GGb2cfckLQfUIH+mzZe9ks=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsstCTaWGIUJIEL2VvmYMPe3mV3z4Rc+Ak2Fhpj6y+y89+4wBUKvmSSl/dmMjMvSATXxnW/ncLa+sbmVnG7tLO7t39QPjxq6zhVDFssFrHqBFSj4BJbhhuBnUQhjQKBj8H4ZuY/PqHSPJYPZpKgH9Gh5CFn1FjpvnpR7Zcrbs2dg6wSLycVyNHsl796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwis/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdKu1zy35t3VK43rPI4inMApnIMHl9CAW2hCCxgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gA0eY0R</latexit><latexit sha1_base64="7CQx4GGb2cfckLQfUIH+mzZe9ks=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsstCTaWGIUJIEL2VvmYMPe3mV3z4Rc+Ak2Fhpj6y+y89+4wBUKvmSSl/dmMjMvSATXxnW/ncLa+sbmVnG7tLO7t39QPjxq6zhVDFssFrHqBFSj4BJbhhuBnUQhjQKBj8H4ZuY/PqHSPJYPZpKgH9Gh5CFn1FjpvnpR7Zcrbs2dg6wSLycVyNHsl796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwis/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdKu1zy35t3VK43rPI4inMApnIMHl9CAW2hCCxgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gA0eY0R</latexit>

4<latexit sha1_base64="P75NvjhpwxoJjOs5LptBpaGimfM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LLaCp5IUQY9FLx4r2lpoQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgbjm5n/+IRK81g+mEmCfkSHkoecUWOl++pFtV+uuDV3DrJKvJxUIEezX/7qDWKWRigNE1Trrucmxs+oMpwJnJZ6qcaEsjEdYtdSSSPUfjY/dUrOrDIgYaxsSUPm6u+JjEZaT6LAdkbUjPSyNxP/87qpCa/8jMskNSjZYlGYCmJiMvubDLhCZsTEEsoUt7cSNqKKMmPTKdkQvOWXV0m7XvPcmndXrzSu8ziKcAKncA4eXEIDbqEJLWAwhGd4hTdHOC/Ou/OxaC04+cwx/IHz+QM1/o0S</latexit><latexit sha1_base64="P75NvjhpwxoJjOs5LptBpaGimfM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LLaCp5IUQY9FLx4r2lpoQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgbjm5n/+IRK81g+mEmCfkSHkoecUWOl++pFtV+uuDV3DrJKvJxUIEezX/7qDWKWRigNE1Trrucmxs+oMpwJnJZ6qcaEsjEdYtdSSSPUfjY/dUrOrDIgYaxsSUPm6u+JjEZaT6LAdkbUjPSyNxP/87qpCa/8jMskNSjZYlGYCmJiMvubDLhCZsTEEsoUt7cSNqKKMmPTKdkQvOWXV0m7XvPcmndXrzSu8ziKcAKncA4eXEIDbqEJLWAwhGd4hTdHOC/Ou/OxaC04+cwx/IHz+QM1/o0S</latexit><latexit sha1_base64="P75NvjhpwxoJjOs5LptBpaGimfM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LLaCp5IUQY9FLx4r2lpoQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgbjm5n/+IRK81g+mEmCfkSHkoecUWOl++pFtV+uuDV3DrJKvJxUIEezX/7qDWKWRigNE1Trrucmxs+oMpwJnJZ6qcaEsjEdYtdSSSPUfjY/dUrOrDIgYaxsSUPm6u+JjEZaT6LAdkbUjPSyNxP/87qpCa/8jMskNSjZYlGYCmJiMvubDLhCZsTEEsoUt7cSNqKKMmPTKdkQvOWXV0m7XvPcmndXrzSu8ziKcAKncA4eXEIDbqEJLWAwhGd4hTdHOC/Ou/OxaC04+cwx/IHz+QM1/o0S</latexit><latexit sha1_base64="P75NvjhpwxoJjOs5LptBpaGimfM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LLaCp5IUQY9FLx4r2lpoQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgbjm5n/+IRK81g+mEmCfkSHkoecUWOl++pFtV+uuDV3DrJKvJxUIEezX/7qDWKWRigNE1Trrucmxs+oMpwJnJZ6qcaEsjEdYtdSSSPUfjY/dUrOrDIgYaxsSUPm6u+JjEZaT6LAdkbUjPSyNxP/87qpCa/8jMskNSjZYlGYCmJiMvubDLhCZsTEEsoUt7cSNqKKMmPTKdkQvOWXV0m7XvPcmndXrzSu8ziKcAKncA4eXEIDbqEJLWAwhGd4hTdHOC/Ou/OxaC04+cwx/IHz+QM1/o0S</latexit>

1<latexit sha1_base64="D5XelKxIjhs0XukAb02d1jJpnIA=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lhjlI4EL2Vv2YMPe3mV3zoRc+Ak2Fhpj6y+y89+4wBUKvmSSl/dmMjMvSKQw6LrfTmFjc2t7p7hb2ts/ODwqH5+0TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST27nfeeLaiFg94jThfkRHSoSCUbTSQ9WrDsoVt+YuQNaJl5MK5GgOyl/9YczSiCtkkhrT89wE/YxqFEzyWamfGp5QNqEj3rNU0YgbP1ucOiMXVhmSMNa2FJKF+nsio5Ex0yiwnRHFsVn15uJ/Xi/F8NrPhEpS5IotF4WpJBiT+d9kKDRnKKeWUKaFvZWwMdWUoU2nZEPwVl9eJ+16zXNr3n290rjJ4yjCGZzDJXhwBQ24gya0gMEInuEV3hzpvDjvzseyteDkM6fwB87nDzFvjQ8=</latexit><latexit sha1_base64="D5XelKxIjhs0XukAb02d1jJpnIA=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lhjlI4EL2Vv2YMPe3mV3zoRc+Ak2Fhpj6y+y89+4wBUKvmSSl/dmMjMvSKQw6LrfTmFjc2t7p7hb2ts/ODwqH5+0TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST27nfeeLaiFg94jThfkRHSoSCUbTSQ9WrDsoVt+YuQNaJl5MK5GgOyl/9YczSiCtkkhrT89wE/YxqFEzyWamfGp5QNqEj3rNU0YgbP1ucOiMXVhmSMNa2FJKF+nsio5Ex0yiwnRHFsVn15uJ/Xi/F8NrPhEpS5IotF4WpJBiT+d9kKDRnKKeWUKaFvZWwMdWUoU2nZEPwVl9eJ+16zXNr3n290rjJ4yjCGZzDJXhwBQ24gya0gMEInuEV3hzpvDjvzseyteDkM6fwB87nDzFvjQ8=</latexit><latexit sha1_base64="D5XelKxIjhs0XukAb02d1jJpnIA=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lhjlI4EL2Vv2YMPe3mV3zoRc+Ak2Fhpj6y+y89+4wBUKvmSSl/dmMjMvSKQw6LrfTmFjc2t7p7hb2ts/ODwqH5+0TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST27nfeeLaiFg94jThfkRHSoSCUbTSQ9WrDsoVt+YuQNaJl5MK5GgOyl/9YczSiCtkkhrT89wE/YxqFEzyWamfGp5QNqEj3rNU0YgbP1ucOiMXVhmSMNa2FJKF+nsio5Ex0yiwnRHFsVn15uJ/Xi/F8NrPhEpS5IotF4WpJBiT+d9kKDRnKKeWUKaFvZWwMdWUoU2nZEPwVl9eJ+16zXNr3n290rjJ4yjCGZzDJXhwBQ24gya0gMEInuEV3hzpvDjvzseyteDkM6fwB87nDzFvjQ8=</latexit><latexit sha1_base64="D5XelKxIjhs0XukAb02d1jJpnIA=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lhjlI4EL2Vv2YMPe3mV3zoRc+Ak2Fhpj6y+y89+4wBUKvmSSl/dmMjMvSKQw6LrfTmFjc2t7p7hb2ts/ODwqH5+0TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST27nfeeLaiFg94jThfkRHSoSCUbTSQ9WrDsoVt+YuQNaJl5MK5GgOyl/9YczSiCtkkhrT89wE/YxqFEzyWamfGp5QNqEj3rNU0YgbP1ucOiMXVhmSMNa2FJKF+nsio5Ex0yiwnRHFsVn15uJ/Xi/F8NrPhEpS5IotF4WpJBiT+d9kKDRnKKeWUKaFvZWwMdWUoU2nZEPwVl9eJ+16zXNr3n290rjJ4yjCGZzDJXhwBQ24gya0gMEInuEV3hzpvDjvzseyteDkM6fwB87nDzFvjQ8=</latexit>

2<latexit sha1_base64="GBBM0R257LJxtysfFC7S8dhdBV0=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lhjlI4EL2Vv2YMPe3mV3zoRc+Ak2Fhpj6y+y89+4wBUKvmSSl/dmMjMvSKQw6LrfTmFjc2t7p7hb2ts/ODwqH5+0TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST27nfeeLaiFg94jThfkRHSoSCUbTSQ7VeHZQrbs1dgKwTLycVyNEclL/6w5ilEVfIJDWm57kJ+hnVKJjks1I/NTyhbEJHvGepohE3frY4dUYurDIkYaxtKSQL9fdERiNjplFgOyOKY7PqzcX/vF6K4bWfCZWkyBVbLgpTSTAm87/JUGjOUE4toUwLeythY6opQ5tOyYbgrb68Ttr1mufWvPt6pXGTx1GEMziHS/DgChpwB01oAYMRPMMrvDnSeXHenY9la8HJZ07hD5zPHzL0jRA=</latexit><latexit sha1_base64="GBBM0R257LJxtysfFC7S8dhdBV0=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lhjlI4EL2Vv2YMPe3mV3zoRc+Ak2Fhpj6y+y89+4wBUKvmSSl/dmMjMvSKQw6LrfTmFjc2t7p7hb2ts/ODwqH5+0TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST27nfeeLaiFg94jThfkRHSoSCUbTSQ7VeHZQrbs1dgKwTLycVyNEclL/6w5ilEVfIJDWm57kJ+hnVKJjks1I/NTyhbEJHvGepohE3frY4dUYurDIkYaxtKSQL9fdERiNjplFgOyOKY7PqzcX/vF6K4bWfCZWkyBVbLgpTSTAm87/JUGjOUE4toUwLeythY6opQ5tOyYbgrb68Ttr1mufWvPt6pXGTx1GEMziHS/DgChpwB01oAYMRPMMrvDnSeXHenY9la8HJZ07hD5zPHzL0jRA=</latexit><latexit sha1_base64="GBBM0R257LJxtysfFC7S8dhdBV0=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lhjlI4EL2Vv2YMPe3mV3zoRc+Ak2Fhpj6y+y89+4wBUKvmSSl/dmMjMvSKQw6LrfTmFjc2t7p7hb2ts/ODwqH5+0TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST27nfeeLaiFg94jThfkRHSoSCUbTSQ7VeHZQrbs1dgKwTLycVyNEclL/6w5ilEVfIJDWm57kJ+hnVKJjks1I/NTyhbEJHvGepohE3frY4dUYurDIkYaxtKSQL9fdERiNjplFgOyOKY7PqzcX/vF6K4bWfCZWkyBVbLgpTSTAm87/JUGjOUE4toUwLeythY6opQ5tOyYbgrb68Ttr1mufWvPt6pXGTx1GEMziHS/DgChpwB01oAYMRPMMrvDnSeXHenY9la8HJZ07hD5zPHzL0jRA=</latexit><latexit sha1_base64="GBBM0R257LJxtysfFC7S8dhdBV0=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lhjlI4EL2Vv2YMPe3mV3zoRc+Ak2Fhpj6y+y89+4wBUKvmSSl/dmMjMvSKQw6LrfTmFjc2t7p7hb2ts/ODwqH5+0TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST27nfeeLaiFg94jThfkRHSoSCUbTSQ7VeHZQrbs1dgKwTLycVyNEclL/6w5ilEVfIJDWm57kJ+hnVKJjks1I/NTyhbEJHvGepohE3frY4dUYurDIkYaxtKSQL9fdERiNjplFgOyOKY7PqzcX/vF6K4bWfCZWkyBVbLgpTSTAm87/JUGjOUE4toUwLeythY6opQ5tOyYbgrb68Ttr1mufWvPt6pXGTx1GEMziHS/DgChpwB01oAYMRPMMrvDnSeXHenY9la8HJZ07hD5zPHzL0jRA=</latexit>

3
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Fig. 14. (a)-(c): Vertex consistencies for each input tree. Leaf labels are
inferred based on Euclidean distances among geometric embeddings of
vertices. (d) Variational and (e) statistical vertex consistency plot for the
1-center tree.

the variational vertex consistency plot (d), leaf 2 in T has the highest
variation whereas leaves 1, 3, and 4 have low variations across ensemble
members. This can be explained as all three input trees share similar
local structures surrounding leaves 1, 3, and 4.

In addition to our proposed uncertainty visualization, we could
further investigate the scalar field that gives rise to a 1-center tree. Such
a scalar field is certainly not unique, and we have reverse-engineered a
candidate by carefully positioning the critical vertices on the 2D domain
with radius basis functions, as shown in Fig. 12(h) and Fig. 13(k),
respectively. It is part of our on-going work to reverse-engineer good
scalar fields that give rise to a given 1-center tree using optimization
techniques with various constraints.

8 CONCLUSION AND DISCUSSION

We provide an interactive visualization system that computes and visu-
alizes a structural average of an ensemble of leaf-labeled merge trees.
We develop a novel measure of uncertainty, referred to as consistency,
via a metric space view of the input trees. This measure is flexible
in allowing a local-global tradeoff in understanding structure varia-
tions. Our results are the first steps toward statistical analysis of as well
as uncertainty visualization for an ensemble of complex topological
descriptors such as merge trees.

There are many future directions. From an algorithmic perspective,
we are interested in computing a 1-center that is robust to outliers, or an
effective algorithm to compute 1-mean/1-median. We also want to have
a systematic investigation of various heuristic labeling algorithms. We
are investigating ways to extend our framework to compute 1-center
contour trees; as a contour tree of a function f can be constructed by
carefully combining merge trees of f and − f . From a visualization
perspective, we will evaluate the effectiveness of various visual encod-
ings for consistency measures, as well as the visualization of 1-center
trees at scale. We will also explore other applications of the animation
between merge trees, e.g., in studying shape morphologies in computer
graphs.

Finally, we hope that our visualization framework could help en-
hance topology- and geometry-based modern tools (e.g., [38, 43]) in
neuron morphology analysis for biologists; see Appx. F for an example.
We are also working on helping simulation scientists to take advan-
tage of our framework in detecting abnormalities and outliers within
simulation ensembles.
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