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Abstract. The identification of autistic individuals using resting state
functional connectivity networks can provide an objective diagnostic
method for autism spectrum disorder (ASD). The present state-of-the-art
machine learning model using deep learning has a classification accuracy
of 70.2% on the ABIDE (Autism Brain Imaging Data Exchange) data
set. In this paper, we explore the utility of topological features in the
classification of ASD versus typically developing control subjects. These
topological features have been shown to provide a complementary source
of discriminative information in applications such as 2D object classifi-
cation and social network analysis. We evaluate the performance of three
different representations of topological features - persistence diagrams,
persistence images, and persistence landscapes - for autism classification
using neural networks, support vector machines and random forests. We
also propose a hybrid approach of augmenting topological features with
functional correlations, which typically outperforms the models that use
functional correlations alone. With this approach, even with a simple 3-
layer neural network, we are able to achieve a classification accuracy of
69.2% on the ABIDE data set. However, our experiments also show that
the improvement due to topological features is not always statistically
significant. Therefore, we offer a cautionary tale to the practitioners re-
garding the limited discriminative power of topological features derived
from fMRI data for the classification of autism.
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1 Introduction

Autism Spectrum Disorder (ASD) is a complex developmental disorder charac-
terized by constant challenges in social interactions and communication, often
accompanied by restrictive or repetitive behaviors. Many neuroimaging stud-
ies (e.g. [15]) relating these behavior deficits to abnormalities in structural and
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functional connectivity of the brain have provided an impetus to build machine
learning models to classify and characterize ASD.

ASD Classification. Autism Brain Imaging Data Exchange (ABIDE) is a large
multi-site repository of brain imaging data for autism studies [5,8]. Several differ-
ent classification models have been applied to the ABIDE data set with reported
accuracy between 60% to 70% [1,15]. For instance, Abraham et al. [1] have used
support vector and ridge classifiers and reported 67% prediction accuracy on the
full ABIDE data. Advances in artificial neural networks (NN) have opened up
a new line of research in the study of autism. Various NN models [10,11] have
been proposed for classification of autistic subjects. Among all these, the best
classification accuracy of 70.2% is achieved by Heinsfeld et al. [11] using the full
ABIDE data, where stacked denoising autoencoders are used to learn robust
feature representations which are then used to train a multi-layer perceptron
classifier.

Topological Data Analysis. In recent years, methods from computational
topology have emerged in machine learning that focus on inferring topologi-
cal features from data. In particular, persistent homology [9], a central tool
in topological data analysis, allows us to capture the evolution of topological
features (such as components, tunnels, voids, etc.) of the data across multiple
scales. These topological features are summarized by the persistence diagram,
a finite multi-set of points in the plane, which yields a complete description
of the topological information in the data. Functional connectivity networks
derived from resting state fMRIs can be characterized using such persistence
diagrams [18]. However, persistence diagrams do not have the structure of an
inner product space (i.e. Hilbert space), making it difficult to interface them
with machine learning. Several topological kernels have been proposed in the
literature [7,13,14,17], making persistence diagrams suitable for kernel support
vector machines (SVM). More recently, Hofer et al. [12] have proposed a NN ar-
chitecture which takes persistence diagrams as input and learns a task-optimal
representation of topological features during training.

Overview. In this paper, we explore the use of topological features derived
from functional connectivity networks in the classification of autism. Using two
ABIDE datasets, we interface three different representations of topological fea-
tures – persistence diagrams, persistence images [2] and persistence landscapes [4]
– with NN, SVM and random forests (RF). In particular, we propose a hybrid
approach that combines the correlation matrices with topological features in a
unified pipeline for both SVM and NN. Our experiments show that this ap-
proach performs better than those using correlations alone. This suggests that
topological features hold some discriminative power in the context of autism
classification. However, our experiments also indicate that such an improvement
is not always statistically significant. Although our experiments are not exhaus-
tive, we hope that this paper will serve as a cautionary reference for others
looking to employ topological data analysis in neuroimaging.
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2 Technical Background

Persistence diagram. Persistent homology [9] measures how the topological
features of data evolve across a varying scale parameter α, where connected com-
ponents, tunnels and voids are considered as 0-, 1- and 2-dimensional features.
In a typical setting, we begin with a point cloud X ∈ Rd in a metric space,
denoted as (X, dX). For some α ≥ 0, replace each point x ∈ X with a ball of
radius α centered at x under the metric dX. As α increases, the union of balls
undergoes topological changes, where topological features appear and disappear.
Persistent homology associates a life span (i.e. death time minus birth time), the
persistence, to these features. Fig. 1 shows an example, where X is a point cloud
in R2 and dX is the Euclidean distance metric. As the radius α increases, we
keep track of topological changes of the union of balls: e.g., the green component
appears at α = 0, and it disappears when it is merged with the red component
at α = 2.5; A tunnel appears at α = 4.2 and disappears at α = 5.6. The topo-
logical information of this process can be computed using simplicial complexes
(Fig. 1(b)) and summarized as a finite multi-set of points in the plane, called a
persistence diagram (PD). Each point of the diagram corresponds to a topologi-
cal feature, and its coordinates (b, d) specify at which scales the feature appears
(birth time b) and disappears (death time d). For example, the pink component
(a 0-dimensional feature) is mapped to a pink point (0, 2.5) in the diagram given
its birth time b = 0 and death time d = 2.5; and the tunnel (a 1-dimensional
feature) is represented by a purple point (4.2, 5.6) in the diagram, see Fig. 1(c).

↵
<latexit sha1_base64="b4CUo353XBsIgP3zMXlQw02InyI=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFhPBKtyl0UoCNpYRzAckR5jb7CVL9vbO3T0hHPkTNhaK2Pp37Pw3bpIrNPHBwOO9GWbmBYng2rjut1PY2Nza3inulvb2Dw6PyscnbR2nirIWjUWsugFqJrhkLcONYN1EMYwCwTrB5Hbud56Y0jyWD2aaMD/CkeQhp2is1K32USRjrA7KFbfmLkDWiZeTCuRoDspf/WFM04hJQwVq3fPcxPgZKsOpYLNSP9UsQTrBEetZKjFi2s8W987IhVWGJIyVLWnIQv09kWGk9TQKbGeEZqxXvbn4n9dLTXjtZ1wmqWGSLheFqSAmJvPnyZArRo2YWoJUcXsroWNUSI2NqGRD8FZfXiftes1za959vdK4yeMowhmcwyV4cAUNuIMmtICCgGd4hTfn0Xlx3p2PZWvByWdO4Q+czx9EGI9u</latexit><latexit sha1_base64="b4CUo353XBsIgP3zMXlQw02InyI=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFhPBKtyl0UoCNpYRzAckR5jb7CVL9vbO3T0hHPkTNhaK2Pp37Pw3bpIrNPHBwOO9GWbmBYng2rjut1PY2Nza3inulvb2Dw6PyscnbR2nirIWjUWsugFqJrhkLcONYN1EMYwCwTrB5Hbud56Y0jyWD2aaMD/CkeQhp2is1K32USRjrA7KFbfmLkDWiZeTCuRoDspf/WFM04hJQwVq3fPcxPgZKsOpYLNSP9UsQTrBEetZKjFi2s8W987IhVWGJIyVLWnIQv09kWGk9TQKbGeEZqxXvbn4n9dLTXjtZ1wmqWGSLheFqSAmJvPnyZArRo2YWoJUcXsroWNUSI2NqGRD8FZfXiftes1za959vdK4yeMowhmcwyV4cAUNuIMmtICCgGd4hTfn0Xlx3p2PZWvByWdO4Q+czx9EGI9u</latexit><latexit sha1_base64="b4CUo353XBsIgP3zMXlQw02InyI=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFhPBKtyl0UoCNpYRzAckR5jb7CVL9vbO3T0hHPkTNhaK2Pp37Pw3bpIrNPHBwOO9GWbmBYng2rjut1PY2Nza3inulvb2Dw6PyscnbR2nirIWjUWsugFqJrhkLcONYN1EMYwCwTrB5Hbud56Y0jyWD2aaMD/CkeQhp2is1K32USRjrA7KFbfmLkDWiZeTCuRoDspf/WFM04hJQwVq3fPcxPgZKsOpYLNSP9UsQTrBEetZKjFi2s8W987IhVWGJIyVLWnIQv09kWGk9TQKbGeEZqxXvbn4n9dLTXjtZ1wmqWGSLheFqSAmJvPnyZArRo2YWoJUcXsroWNUSI2NqGRD8FZfXiftes1za959vdK4yeMowhmcwyV4cAUNuIMmtICCgGd4hTfn0Xlx3p2PZWvByWdO4Q+czx9EGI9u</latexit><latexit sha1_base64="b4CUo353XBsIgP3zMXlQw02InyI=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFhPBKtyl0UoCNpYRzAckR5jb7CVL9vbO3T0hHPkTNhaK2Pp37Pw3bpIrNPHBwOO9GWbmBYng2rjut1PY2Nza3inulvb2Dw6PyscnbR2nirIWjUWsugFqJrhkLcONYN1EMYwCwTrB5Hbud56Y0jyWD2aaMD/CkeQhp2is1K32USRjrA7KFbfmLkDWiZeTCuRoDspf/WFM04hJQwVq3fPcxPgZKsOpYLNSP9UsQTrBEetZKjFi2s8W987IhVWGJIyVLWnIQv09kWGk9TQKbGeEZqxXvbn4n9dLTXjtZ1wmqWGSLheFqSAmJvPnyZArRo2YWoJUcXsroWNUSI2NqGRD8FZfXiftes1za959vdK4yeMowhmcwyV4cAUNuIMmtICCgGd4hTfn0Xlx3p2PZWvByWdO4Q+czx9EGI9u</latexit>

0
<latexit sha1_base64="2v+b6wMeBUYxqrU29gp9W+giEgw=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFhPBKtyl0UoCNpYRzQckR9jbzCVL9vaO3T0hHPkJNhaK2PqL7Pw3bpIrNPHBwOO9GWbmBYng2rjut1PY2Nza3inulvb2Dw6PyscnbR2nimGLxSJW3YBqFFxiy3AjsJsopFEgsBNMbud+5wmV5rF8NNME/YiOJA85o8ZKD1W3OihX3Jq7AFknXk4qkKM5KH/1hzFLI5SGCap1z3MT42dUGc4Ezkr9VGNC2YSOsGeppBFqP1ucOiMXVhmSMFa2pCEL9fdERiOtp1FgOyNqxnrVm4v/eb3UhNd+xmWSGpRsuShMBTExmf9NhlwhM2JqCWWK21sJG1NFmbHplGwI3urL66Rdr3luzbuvVxo3eRxFOINzuAQPrqABd9CEFjAYwTO8wpsjnBfn3flYthacfOYU/sD5/AEuto0K</latexit><latexit sha1_base64="2v+b6wMeBUYxqrU29gp9W+giEgw=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFhPBKtyl0UoCNpYRzQckR9jbzCVL9vaO3T0hHPkJNhaK2PqL7Pw3bpIrNPHBwOO9GWbmBYng2rjut1PY2Nza3inulvb2Dw6PyscnbR2nimGLxSJW3YBqFFxiy3AjsJsopFEgsBNMbud+5wmV5rF8NNME/YiOJA85o8ZKD1W3OihX3Jq7AFknXk4qkKM5KH/1hzFLI5SGCap1z3MT42dUGc4Ezkr9VGNC2YSOsGeppBFqP1ucOiMXVhmSMFa2pCEL9fdERiOtp1FgOyNqxnrVm4v/eb3UhNd+xmWSGpRsuShMBTExmf9NhlwhM2JqCWWK21sJG1NFmbHplGwI3urL66Rdr3luzbuvVxo3eRxFOINzuAQPrqABd9CEFjAYwTO8wpsjnBfn3flYthacfOYU/sD5/AEuto0K</latexit><latexit sha1_base64="2v+b6wMeBUYxqrU29gp9W+giEgw=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFhPBKtyl0UoCNpYRzQckR9jbzCVL9vaO3T0hHPkJNhaK2PqL7Pw3bpIrNPHBwOO9GWbmBYng2rjut1PY2Nza3inulvb2Dw6PyscnbR2nimGLxSJW3YBqFFxiy3AjsJsopFEgsBNMbud+5wmV5rF8NNME/YiOJA85o8ZKD1W3OihX3Jq7AFknXk4qkKM5KH/1hzFLI5SGCap1z3MT42dUGc4Ezkr9VGNC2YSOsGeppBFqP1ucOiMXVhmSMFa2pCEL9fdERiOtp1FgOyNqxnrVm4v/eb3UhNd+xmWSGpRsuShMBTExmf9NhlwhM2JqCWWK21sJG1NFmbHplGwI3urL66Rdr3luzbuvVxo3eRxFOINzuAQPrqABd9CEFjAYwTO8wpsjnBfn3flYthacfOYU/sD5/AEuto0K</latexit><latexit sha1_base64="2v+b6wMeBUYxqrU29gp9W+giEgw=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFhPBKtyl0UoCNpYRzQckR9jbzCVL9vaO3T0hHPkJNhaK2PqL7Pw3bpIrNPHBwOO9GWbmBYng2rjut1PY2Nza3inulvb2Dw6PyscnbR2nimGLxSJW3YBqFFxiy3AjsJsopFEgsBNMbud+5wmV5rF8NNME/YiOJA85o8ZKD1W3OihX3Jq7AFknXk4qkKM5KH/1hzFLI5SGCap1z3MT42dUGc4Ezkr9VGNC2YSOsGeppBFqP1ucOiMXVhmSMFa2pCEL9fdERiOtp1FgOyNqxnrVm4v/eb3UhNd+xmWSGpRsuShMBTExmf9NhlwhM2JqCWWK21sJG1NFmbHplGwI3urL66Rdr3luzbuvVxo3eRxFOINzuAQPrqABd9CEFjAYwTO8wpsjnBfn3flYthacfOYU/sD5/AEuto0K</latexit>

2
<latexit sha1_base64="byGr8AiuufMNcDeriGW13a88D6s=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFhPBKtyl0UoCNpYRzQckR9jb7CVL9vaO3TkhHPkJNhaK2PqL7Pw3bpIrNPHBwOO9GWbmBYkUBl332ylsbG5t7xR3S3v7B4dH5eOTtolTzXiLxTLW3YAaLoXiLRQoeTfRnEaB5J1gcjv3O09cGxGrR5wm3I/oSIlQMIpWeqjWq4Nyxa25C5B14uWkAjmag/JXfxizNOIKmaTG9Dw3QT+jGgWTfFbqp4YnlE3oiPcsVTTixs8Wp87IhVWGJIy1LYVkof6eyGhkzDQKbGdEcWxWvbn4n9dLMbz2M6GSFLliy0VhKgnGZP43GQrNGcqpJZRpYW8lbEw1ZWjTKdkQvNWX10m7XvPcmndfrzRu8jiKcAbncAkeXEED7qAJLWAwgmd4hTdHOi/Ou/OxbC04+cwp/IHz+QMxwI0M</latexit><latexit sha1_base64="byGr8AiuufMNcDeriGW13a88D6s=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFhPBKtyl0UoCNpYRzQckR9jb7CVL9vaO3TkhHPkJNhaK2PqL7Pw3bpIrNPHBwOO9GWbmBYkUBl332ylsbG5t7xR3S3v7B4dH5eOTtolTzXiLxTLW3YAaLoXiLRQoeTfRnEaB5J1gcjv3O09cGxGrR5wm3I/oSIlQMIpWeqjWq4Nyxa25C5B14uWkAjmag/JXfxizNOIKmaTG9Dw3QT+jGgWTfFbqp4YnlE3oiPcsVTTixs8Wp87IhVWGJIy1LYVkof6eyGhkzDQKbGdEcWxWvbn4n9dLMbz2M6GSFLliy0VhKgnGZP43GQrNGcqpJZRpYW8lbEw1ZWjTKdkQvNWX10m7XvPcmndfrzRu8jiKcAbncAkeXEED7qAJLWAwgmd4hTdHOi/Ou/OxbC04+cwp/IHz+QMxwI0M</latexit><latexit sha1_base64="byGr8AiuufMNcDeriGW13a88D6s=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFhPBKtyl0UoCNpYRzQckR9jb7CVL9vaO3TkhHPkJNhaK2PqL7Pw3bpIrNPHBwOO9GWbmBYkUBl332ylsbG5t7xR3S3v7B4dH5eOTtolTzXiLxTLW3YAaLoXiLRQoeTfRnEaB5J1gcjv3O09cGxGrR5wm3I/oSIlQMIpWeqjWq4Nyxa25C5B14uWkAjmag/JXfxizNOIKmaTG9Dw3QT+jGgWTfFbqp4YnlE3oiPcsVTTixs8Wp87IhVWGJIy1LYVkof6eyGhkzDQKbGdEcWxWvbn4n9dLMbz2M6GSFLliy0VhKgnGZP43GQrNGcqpJZRpYW8lbEw1ZWjTKdkQvNWX10m7XvPcmndfrzRu8jiKcAbncAkeXEED7qAJLWAwgmd4hTdHOi/Ou/OxbC04+cwp/IHz+QMxwI0M</latexit><latexit sha1_base64="byGr8AiuufMNcDeriGW13a88D6s=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFhPBKtyl0UoCNpYRzQckR9jb7CVL9vaO3TkhHPkJNhaK2PqL7Pw3bpIrNPHBwOO9GWbmBYkUBl332ylsbG5t7xR3S3v7B4dH5eOTtolTzXiLxTLW3YAaLoXiLRQoeTfRnEaB5J1gcjv3O09cGxGrR5wm3I/oSIlQMIpWeqjWq4Nyxa25C5B14uWkAjmag/JXfxizNOIKmaTG9Dw3QT+jGgWTfFbqp4YnlE3oiPcsVTTixs8Wp87IhVWGJIy1LYVkof6eyGhkzDQKbGdEcWxWvbn4n9dLMbz2M6GSFLliy0VhKgnGZP43GQrNGcqpJZRpYW8lbEw1ZWjTKdkQvNWX10m7XvPcmndfrzRu8jiKcAbncAkeXEED7qAJLWAwgmd4hTdHOi/Ou/OxbC04+cwp/IHz+QMxwI0M</latexit>

2.5
<latexit sha1_base64="BtMyjc/1vC3ml+vHOE461k3ZbEc=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5AURE9S8OKxgmkLbSib7aZdursJuxuhhP4GLx4U8eoP8ua/cdvmoK0PBh7vzTAzL0o508bzvp3SxubW9k55t7K3f3B4VD0+aeskU4QGJOGJ6kZYU84kDQwznHZTRbGIOO1Ek7u533miSrNEPpppSkOBR5LFjGBjpaDecK/qg2rNc70F0DrxC1KDAq1B9as/TEgmqDSEY617vpeaMMfKMMLprNLPNE0xmeAR7VkqsaA6zBfHztCFVYYoTpQtadBC/T2RY6H1VES2U2Az1qveXPzP62UmvglzJtPMUEmWi+KMI5Og+edoyBQlhk8twUQxeysiY6wwMTafig3BX315nbQbru+5/kOj1rwt4ijDGZzDJfhwDU24hxYEQIDBM7zCmyOdF+fd+Vi2lpxi5hT+wPn8ARLqjYM=</latexit><latexit sha1_base64="BtMyjc/1vC3ml+vHOE461k3ZbEc=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5AURE9S8OKxgmkLbSib7aZdursJuxuhhP4GLx4U8eoP8ua/cdvmoK0PBh7vzTAzL0o508bzvp3SxubW9k55t7K3f3B4VD0+aeskU4QGJOGJ6kZYU84kDQwznHZTRbGIOO1Ek7u533miSrNEPpppSkOBR5LFjGBjpaDecK/qg2rNc70F0DrxC1KDAq1B9as/TEgmqDSEY617vpeaMMfKMMLprNLPNE0xmeAR7VkqsaA6zBfHztCFVYYoTpQtadBC/T2RY6H1VES2U2Az1qveXPzP62UmvglzJtPMUEmWi+KMI5Og+edoyBQlhk8twUQxeysiY6wwMTafig3BX315nbQbru+5/kOj1rwt4ijDGZzDJfhwDU24hxYEQIDBM7zCmyOdF+fd+Vi2lpxi5hT+wPn8ARLqjYM=</latexit><latexit sha1_base64="BtMyjc/1vC3ml+vHOE461k3ZbEc=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5AURE9S8OKxgmkLbSib7aZdursJuxuhhP4GLx4U8eoP8ua/cdvmoK0PBh7vzTAzL0o508bzvp3SxubW9k55t7K3f3B4VD0+aeskU4QGJOGJ6kZYU84kDQwznHZTRbGIOO1Ek7u533miSrNEPpppSkOBR5LFjGBjpaDecK/qg2rNc70F0DrxC1KDAq1B9as/TEgmqDSEY617vpeaMMfKMMLprNLPNE0xmeAR7VkqsaA6zBfHztCFVYYoTpQtadBC/T2RY6H1VES2U2Az1qveXPzP62UmvglzJtPMUEmWi+KMI5Og+edoyBQlhk8twUQxeysiY6wwMTafig3BX315nbQbru+5/kOj1rwt4ijDGZzDJfhwDU24hxYEQIDBM7zCmyOdF+fd+Vi2lpxi5hT+wPn8ARLqjYM=</latexit><latexit sha1_base64="BtMyjc/1vC3ml+vHOE461k3ZbEc=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5AURE9S8OKxgmkLbSib7aZdursJuxuhhP4GLx4U8eoP8ua/cdvmoK0PBh7vzTAzL0o508bzvp3SxubW9k55t7K3f3B4VD0+aeskU4QGJOGJ6kZYU84kDQwznHZTRbGIOO1Ek7u533miSrNEPpppSkOBR5LFjGBjpaDecK/qg2rNc70F0DrxC1KDAq1B9as/TEgmqDSEY617vpeaMMfKMMLprNLPNE0xmeAR7VkqsaA6zBfHztCFVYYoTpQtadBC/T2RY6H1VES2U2Az1qveXPzP62UmvglzJtPMUEmWi+KMI5Og+edoyBQlhk8twUQxeysiY6wwMTafig3BX315nbQbru+5/kOj1rwt4ijDGZzDJfhwDU24hxYEQIDBM7zCmyOdF+fd+Vi2lpxi5hT+wPn8ARLqjYM=</latexit>

3
<latexit sha1_base64="jaJ9kUjk6fI4N8ZyHdhr02On/A0=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsstDIkNpYYBUngQvaWOdiwt3fZ3TMhF36CjYXG2PqL7Pw3LnCFgi+Z5OW9mczMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4GMwvpn5j0+oNI/lg5kk6Ed0KHnIGTVWuq9eVPvliltz5yCrxMtJBXI0++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzU6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDKz7hMUoOSLRaFqSAmJrO/yYArZEZMLKFMcXsrYSOqKDM2nZINwVt+eZW06zXPrXl39UrjOo+jCCdwCufgwSU04Baa0AIGQ3iGV3hzhPPivDsfi9aCk88cwx84nz8zRY0N</latexit><latexit sha1_base64="jaJ9kUjk6fI4N8ZyHdhr02On/A0=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsstDIkNpYYBUngQvaWOdiwt3fZ3TMhF36CjYXG2PqL7Pw3LnCFgi+Z5OW9mczMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4GMwvpn5j0+oNI/lg5kk6Ed0KHnIGTVWuq9eVPvliltz5yCrxMtJBXI0++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzU6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDKz7hMUoOSLRaFqSAmJrO/yYArZEZMLKFMcXsrYSOqKDM2nZINwVt+eZW06zXPrXl39UrjOo+jCCdwCufgwSU04Baa0AIGQ3iGV3hzhPPivDsfi9aCk88cwx84nz8zRY0N</latexit><latexit sha1_base64="jaJ9kUjk6fI4N8ZyHdhr02On/A0=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsstDIkNpYYBUngQvaWOdiwt3fZ3TMhF36CjYXG2PqL7Pw3LnCFgi+Z5OW9mczMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4GMwvpn5j0+oNI/lg5kk6Ed0KHnIGTVWuq9eVPvliltz5yCrxMtJBXI0++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzU6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDKz7hMUoOSLRaFqSAmJrO/yYArZEZMLKFMcXsrYSOqKDM2nZINwVt+eZW06zXPrXl39UrjOo+jCCdwCufgwSU04Baa0AIGQ3iGV3hzhPPivDsfi9aCk88cwx84nz8zRY0N</latexit><latexit sha1_base64="jaJ9kUjk6fI4N8ZyHdhr02On/A0=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsstDIkNpYYBUngQvaWOdiwt3fZ3TMhF36CjYXG2PqL7Pw3LnCFgi+Z5OW9mczMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4GMwvpn5j0+oNI/lg5kk6Ed0KHnIGTVWuq9eVPvliltz5yCrxMtJBXI0++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzU6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDKz7hMUoOSLRaFqSAmJrO/yYArZEZMLKFMcXsrYSOqKDM2nZINwVt+eZW06zXPrXl39UrjOo+jCCdwCufgwSU04Baa0AIGQ3iGV3hzhPPivDsfi9aCk88cwx84nz8zRY0N</latexit>

3.2
<latexit sha1_base64="7lXAJogma/vj4UGeqCQJ/p1eICE=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5DUg56k4MVjBdMW2lA22027dHcTdjdCCf0NXjwo4tUf5M1/47bNQVsfDDzem2FmXpRypo3nfTuljc2t7Z3ybmVv/+DwqHp80tZJpggNSMIT1Y2wppxJGhhmOO2mimIRcdqJJndzv/NElWaJfDTTlIYCjySLGcHGSkH9ym3UB9Wa53oLoHXiF6QGBVqD6ld/mJBMUGkIx1r3fC81YY6VYYTTWaWfaZpiMsEj2rNUYkF1mC+OnaELqwxRnChb0qCF+nsix0LrqYhsp8BmrFe9ufif18tMfBPmTKaZoZIsF8UZRyZB88/RkClKDJ9agoli9lZExlhhYmw+FRuCv/ryOmk3XN9z/YdGrXlbxFGGMziHS/DhGppwDy0IgACDZ3iFN0c6L86787FsLTnFzCn8gfP5Aw/ijYE=</latexit><latexit sha1_base64="7lXAJogma/vj4UGeqCQJ/p1eICE=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5DUg56k4MVjBdMW2lA22027dHcTdjdCCf0NXjwo4tUf5M1/47bNQVsfDDzem2FmXpRypo3nfTuljc2t7Z3ybmVv/+DwqHp80tZJpggNSMIT1Y2wppxJGhhmOO2mimIRcdqJJndzv/NElWaJfDTTlIYCjySLGcHGSkH9ym3UB9Wa53oLoHXiF6QGBVqD6ld/mJBMUGkIx1r3fC81YY6VYYTTWaWfaZpiMsEj2rNUYkF1mC+OnaELqwxRnChb0qCF+nsix0LrqYhsp8BmrFe9ufif18tMfBPmTKaZoZIsF8UZRyZB88/RkClKDJ9agoli9lZExlhhYmw+FRuCv/ryOmk3XN9z/YdGrXlbxFGGMziHS/DhGppwDy0IgACDZ3iFN0c6L86787FsLTnFzCn8gfP5Aw/ijYE=</latexit><latexit sha1_base64="7lXAJogma/vj4UGeqCQJ/p1eICE=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5DUg56k4MVjBdMW2lA22027dHcTdjdCCf0NXjwo4tUf5M1/47bNQVsfDDzem2FmXpRypo3nfTuljc2t7Z3ybmVv/+DwqHp80tZJpggNSMIT1Y2wppxJGhhmOO2mimIRcdqJJndzv/NElWaJfDTTlIYCjySLGcHGSkH9ym3UB9Wa53oLoHXiF6QGBVqD6ld/mJBMUGkIx1r3fC81YY6VYYTTWaWfaZpiMsEj2rNUYkF1mC+OnaELqwxRnChb0qCF+nsix0LrqYhsp8BmrFe9ufif18tMfBPmTKaZoZIsF8UZRyZB88/RkClKDJ9agoli9lZExlhhYmw+FRuCv/ryOmk3XN9z/YdGrXlbxFGGMziHS/DhGppwDy0IgACDZ3iFN0c6L86787FsLTnFzCn8gfP5Aw/ijYE=</latexit><latexit sha1_base64="7lXAJogma/vj4UGeqCQJ/p1eICE=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5DUg56k4MVjBdMW2lA22027dHcTdjdCCf0NXjwo4tUf5M1/47bNQVsfDDzem2FmXpRypo3nfTuljc2t7Z3ybmVv/+DwqHp80tZJpggNSMIT1Y2wppxJGhhmOO2mimIRcdqJJndzv/NElWaJfDTTlIYCjySLGcHGSkH9ym3UB9Wa53oLoHXiF6QGBVqD6ld/mJBMUGkIx1r3fC81YY6VYYTTWaWfaZpiMsEj2rNUYkF1mC+OnaELqwxRnChb0qCF+nsix0LrqYhsp8BmrFe9ufif18tMfBPmTKaZoZIsF8UZRyZB88/RkClKDJ9agoli9lZExlhhYmw+FRuCv/ryOmk3XN9z/YdGrXlbxFGGMziHS/DhGppwDy0IgACDZ3iFN0c6L86787FsLTnFzCn8gfP5Aw/ijYE=</latexit>

3.7
<latexit sha1_base64="RUaYTjGZdlj5ocO7tbCc5jCxps0=">AAAB7HicbVBNS8NAEJ2tX7V+VT16WWwFTyGph3qSghePFUwttKFstpt26WYTdjdCCf0NXjwo4tUf5M1/47bNQVsfDDzem2FmXpgKro3rfqPSxubW9k55t7K3f3B4VD0+6egkU5T5NBGJ6oZEM8El8w03gnVTxUgcCvYYTm7n/uMTU5on8sFMUxbEZCR5xCkxVvLrV06zPqjWXMddAK8TryA1KNAeVL/6w4RmMZOGCqJ1z3NTE+REGU4Fm1X6mWYpoRMyYj1LJYmZDvLFsTN8YZUhjhJlSxq8UH9P5CTWehqHtjMmZqxXvbn4n9fLTHQd5FymmWGSLhdFmcAmwfPP8ZArRo2YWkKo4vZWTMdEEWpsPhUbgrf68jrpNBzPdbz7Rq11U8RRhjM4h0vwoAktuIM2+ECBwzO8whuS6AW9o49lawkVM6fwB+jzBxd7jYY=</latexit><latexit sha1_base64="RUaYTjGZdlj5ocO7tbCc5jCxps0=">AAAB7HicbVBNS8NAEJ2tX7V+VT16WWwFTyGph3qSghePFUwttKFstpt26WYTdjdCCf0NXjwo4tUf5M1/47bNQVsfDDzem2FmXpgKro3rfqPSxubW9k55t7K3f3B4VD0+6egkU5T5NBGJ6oZEM8El8w03gnVTxUgcCvYYTm7n/uMTU5on8sFMUxbEZCR5xCkxVvLrV06zPqjWXMddAK8TryA1KNAeVL/6w4RmMZOGCqJ1z3NTE+REGU4Fm1X6mWYpoRMyYj1LJYmZDvLFsTN8YZUhjhJlSxq8UH9P5CTWehqHtjMmZqxXvbn4n9fLTHQd5FymmWGSLhdFmcAmwfPP8ZArRo2YWkKo4vZWTMdEEWpsPhUbgrf68jrpNBzPdbz7Rq11U8RRhjM4h0vwoAktuIM2+ECBwzO8whuS6AW9o49lawkVM6fwB+jzBxd7jYY=</latexit><latexit sha1_base64="RUaYTjGZdlj5ocO7tbCc5jCxps0=">AAAB7HicbVBNS8NAEJ2tX7V+VT16WWwFTyGph3qSghePFUwttKFstpt26WYTdjdCCf0NXjwo4tUf5M1/47bNQVsfDDzem2FmXpgKro3rfqPSxubW9k55t7K3f3B4VD0+6egkU5T5NBGJ6oZEM8El8w03gnVTxUgcCvYYTm7n/uMTU5on8sFMUxbEZCR5xCkxVvLrV06zPqjWXMddAK8TryA1KNAeVL/6w4RmMZOGCqJ1z3NTE+REGU4Fm1X6mWYpoRMyYj1LJYmZDvLFsTN8YZUhjhJlSxq8UH9P5CTWehqHtjMmZqxXvbn4n9fLTHQd5FymmWGSLhdFmcAmwfPP8ZArRo2YWkKo4vZWTMdEEWpsPhUbgrf68jrpNBzPdbz7Rq11U8RRhjM4h0vwoAktuIM2+ECBwzO8whuS6AW9o49lawkVM6fwB+jzBxd7jYY=</latexit><latexit sha1_base64="RUaYTjGZdlj5ocO7tbCc5jCxps0=">AAAB7HicbVBNS8NAEJ2tX7V+VT16WWwFTyGph3qSghePFUwttKFstpt26WYTdjdCCf0NXjwo4tUf5M1/47bNQVsfDDzem2FmXpgKro3rfqPSxubW9k55t7K3f3B4VD0+6egkU5T5NBGJ6oZEM8El8w03gnVTxUgcCvYYTm7n/uMTU5on8sFMUxbEZCR5xCkxVvLrV06zPqjWXMddAK8TryA1KNAeVL/6w4RmMZOGCqJ1z3NTE+REGU4Fm1X6mWYpoRMyYj1LJYmZDvLFsTN8YZUhjhJlSxq8UH9P5CTWehqHtjMmZqxXvbn4n9fLTHQd5FymmWGSLhdFmcAmwfPP8ZArRo2YWkKo4vZWTMdEEWpsPhUbgrf68jrpNBzPdbz7Rq11U8RRhjM4h0vwoAktuIM2+ECBwzO8whuS6AW9o49lawkVM6fwB+jzBxd7jYY=</latexit>

4.2
<latexit sha1_base64="4TqMnKDkOgargaA/mneUl0EEWzI=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5AUQU9S8OKxgmkLbSib7aZdursJuxuhhP4GLx4U8eoP8ua/cdvmoK0PBh7vzTAzL0o508bzvp3SxubW9k55t7K3f3B4VD0+aeskU4QGJOGJ6kZYU84kDQwznHZTRbGIOO1Ek7u533miSrNEPpppSkOBR5LFjGBjpaB+5Tbqg2rNc70F0DrxC1KDAq1B9as/TEgmqDSEY617vpeaMMfKMMLprNLPNE0xmeAR7VkqsaA6zBfHztCFVYYoTpQtadBC/T2RY6H1VES2U2Az1qveXPzP62UmvglzJtPMUEmWi+KMI5Og+edoyBQlhk8twUQxeysiY6wwMTafig3BX315nbQbru+5/kOj1rwt4ijDGZzDJfhwDU24hxYEQIDBM7zCmyOdF+fd+Vi2lpxi5hT+wPn8ARFpjYI=</latexit><latexit sha1_base64="4TqMnKDkOgargaA/mneUl0EEWzI=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5AUQU9S8OKxgmkLbSib7aZdursJuxuhhP4GLx4U8eoP8ua/cdvmoK0PBh7vzTAzL0o508bzvp3SxubW9k55t7K3f3B4VD0+aeskU4QGJOGJ6kZYU84kDQwznHZTRbGIOO1Ek7u533miSrNEPpppSkOBR5LFjGBjpaB+5Tbqg2rNc70F0DrxC1KDAq1B9as/TEgmqDSEY617vpeaMMfKMMLprNLPNE0xmeAR7VkqsaA6zBfHztCFVYYoTpQtadBC/T2RY6H1VES2U2Az1qveXPzP62UmvglzJtPMUEmWi+KMI5Og+edoyBQlhk8twUQxeysiY6wwMTafig3BX315nbQbru+5/kOj1rwt4ijDGZzDJfhwDU24hxYEQIDBM7zCmyOdF+fd+Vi2lpxi5hT+wPn8ARFpjYI=</latexit><latexit sha1_base64="4TqMnKDkOgargaA/mneUl0EEWzI=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5AUQU9S8OKxgmkLbSib7aZdursJuxuhhP4GLx4U8eoP8ua/cdvmoK0PBh7vzTAzL0o508bzvp3SxubW9k55t7K3f3B4VD0+aeskU4QGJOGJ6kZYU84kDQwznHZTRbGIOO1Ek7u533miSrNEPpppSkOBR5LFjGBjpaB+5Tbqg2rNc70F0DrxC1KDAq1B9as/TEgmqDSEY617vpeaMMfKMMLprNLPNE0xmeAR7VkqsaA6zBfHztCFVYYoTpQtadBC/T2RY6H1VES2U2Az1qveXPzP62UmvglzJtPMUEmWi+KMI5Og+edoyBQlhk8twUQxeysiY6wwMTafig3BX315nbQbru+5/kOj1rwt4ijDGZzDJfhwDU24hxYEQIDBM7zCmyOdF+fd+Vi2lpxi5hT+wPn8ARFpjYI=</latexit><latexit sha1_base64="4TqMnKDkOgargaA/mneUl0EEWzI=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5AUQU9S8OKxgmkLbSib7aZdursJuxuhhP4GLx4U8eoP8ua/cdvmoK0PBh7vzTAzL0o508bzvp3SxubW9k55t7K3f3B4VD0+aeskU4QGJOGJ6kZYU84kDQwznHZTRbGIOO1Ek7u533miSrNEPpppSkOBR5LFjGBjpaB+5Tbqg2rNc70F0DrxC1KDAq1B9as/TEgmqDSEY617vpeaMMfKMMLprNLPNE0xmeAR7VkqsaA6zBfHztCFVYYoTpQtadBC/T2RY6H1VES2U2Az1qveXPzP62UmvglzJtPMUEmWi+KMI5Og+edoyBQlhk8twUQxeysiY6wwMTafig3BX315nbQbru+5/kOj1rwt4ijDGZzDJfhwDU24hxYEQIDBM7zCmyOdF+fd+Vi2lpxi5hT+wPn8ARFpjYI=</latexit>

5
<latexit sha1_base64="oT4n2+bOfWKED297Q7ZzDqZQbtk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURE9S8OKxoq2FNpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4GMwvpn5j0+oNI/lg5kk6Ed0KHnIGTVWuq9eVPvliltz5yCrxMtJBXI0++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzU6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDKz7hMUoOSLRaFqSAmJrO/yYArZEZMLKFMcXsrYSOqKDM2nZINwVt+eZW06zXPrXl39UrjOo+jCCdwCufgwSU04Baa0AIGQ3iGV3hzhPPivDsfi9aCk88cwx84nz82T40P</latexit><latexit sha1_base64="oT4n2+bOfWKED297Q7ZzDqZQbtk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURE9S8OKxoq2FNpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4GMwvpn5j0+oNI/lg5kk6Ed0KHnIGTVWuq9eVPvliltz5yCrxMtJBXI0++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzU6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDKz7hMUoOSLRaFqSAmJrO/yYArZEZMLKFMcXsrYSOqKDM2nZINwVt+eZW06zXPrXl39UrjOo+jCCdwCufgwSU04Baa0AIGQ3iGV3hzhPPivDsfi9aCk88cwx84nz82T40P</latexit><latexit sha1_base64="oT4n2+bOfWKED297Q7ZzDqZQbtk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURE9S8OKxoq2FNpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4GMwvpn5j0+oNI/lg5kk6Ed0KHnIGTVWuq9eVPvliltz5yCrxMtJBXI0++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzU6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDKz7hMUoOSLRaFqSAmJrO/yYArZEZMLKFMcXsrYSOqKDM2nZINwVt+eZW06zXPrXl39UrjOo+jCCdwCufgwSU04Baa0AIGQ3iGV3hzhPPivDsfi9aCk88cwx84nz82T40P</latexit><latexit sha1_base64="oT4n2+bOfWKED297Q7ZzDqZQbtk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURE9S8OKxoq2FNpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4GMwvpn5j0+oNI/lg5kk6Ed0KHnIGTVWuq9eVPvliltz5yCrxMtJBXI0++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzU6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDKz7hMUoOSLRaFqSAmJrO/yYArZEZMLKFMcXsrYSOqKDM2nZINwVt+eZW06zXPrXl39UrjOo+jCCdwCufgwSU04Baa0AIGQ3iGV3hzhPPivDsfi9aCk88cwx84nz82T40P</latexit>

5.6
<latexit sha1_base64="1JOE+JBJMVKUghUEXfdhpkxI/Ck=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5AU/DhJwYvHCqYW2lA22027dHcTdjdCCf0NXjwo4tUf5M1/47bNQVsfDDzem2FmXpRypo3nfTultfWNza3ydmVnd2//oHp41NZJpggNSMIT1YmwppxJGhhmOO2kimIRcfoYjW9n/uMTVZol8sFMUhoKPJQsZgQbKwX1C/ey3q/WPNebA60SvyA1KNDqV796g4RkgkpDONa663upCXOsDCOcTiu9TNMUkzEe0q6lEguqw3x+7BSdWWWA4kTZkgbN1d8TORZaT0RkOwU2I73szcT/vG5m4uswZzLNDJVksSjOODIJmn2OBkxRYvjEEkwUs7ciMsIKE2PzqdgQ/OWXV0m74fqe6983as2bIo4ynMApnIMPV9CEO2hBAAQYPMMrvDnSeXHenY9Fa8kpZo7hD5zPHxkEjYc=</latexit><latexit sha1_base64="1JOE+JBJMVKUghUEXfdhpkxI/Ck=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5AU/DhJwYvHCqYW2lA22027dHcTdjdCCf0NXjwo4tUf5M1/47bNQVsfDDzem2FmXpRypo3nfTultfWNza3ydmVnd2//oHp41NZJpggNSMIT1YmwppxJGhhmOO2kimIRcfoYjW9n/uMTVZol8sFMUhoKPJQsZgQbKwX1C/ey3q/WPNebA60SvyA1KNDqV796g4RkgkpDONa663upCXOsDCOcTiu9TNMUkzEe0q6lEguqw3x+7BSdWWWA4kTZkgbN1d8TORZaT0RkOwU2I73szcT/vG5m4uswZzLNDJVksSjOODIJmn2OBkxRYvjEEkwUs7ciMsIKE2PzqdgQ/OWXV0m74fqe6983as2bIo4ynMApnIMPV9CEO2hBAAQYPMMrvDnSeXHenY9Fa8kpZo7hD5zPHxkEjYc=</latexit><latexit sha1_base64="1JOE+JBJMVKUghUEXfdhpkxI/Ck=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5AU/DhJwYvHCqYW2lA22027dHcTdjdCCf0NXjwo4tUf5M1/47bNQVsfDDzem2FmXpRypo3nfTultfWNza3ydmVnd2//oHp41NZJpggNSMIT1YmwppxJGhhmOO2kimIRcfoYjW9n/uMTVZol8sFMUhoKPJQsZgQbKwX1C/ey3q/WPNebA60SvyA1KNDqV796g4RkgkpDONa663upCXOsDCOcTiu9TNMUkzEe0q6lEguqw3x+7BSdWWWA4kTZkgbN1d8TORZaT0RkOwU2I73szcT/vG5m4uswZzLNDJVksSjOODIJmn2OBkxRYvjEEkwUs7ciMsIKE2PzqdgQ/OWXV0m74fqe6983as2bIo4ynMApnIMPV9CEO2hBAAQYPMMrvDnSeXHenY9Fa8kpZo7hD5zPHxkEjYc=</latexit><latexit sha1_base64="1JOE+JBJMVKUghUEXfdhpkxI/Ck=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5AU/DhJwYvHCqYW2lA22027dHcTdjdCCf0NXjwo4tUf5M1/47bNQVsfDDzem2FmXpRypo3nfTultfWNza3ydmVnd2//oHp41NZJpggNSMIT1YmwppxJGhhmOO2kimIRcfoYjW9n/uMTVZol8sFMUhoKPJQsZgQbKwX1C/ey3q/WPNebA60SvyA1KNDqV796g4RkgkpDONa663upCXOsDCOcTiu9TNMUkzEe0q6lEguqw3x+7BSdWWWA4kTZkgbN1d8TORZaT0RkOwU2I73szcT/vG5m4uswZzLNDJVksSjOODIJmn2OBkxRYvjEEkwUs7ciMsIKE2PzqdgQ/OWXV0m74fqe6983as2bIo4ynMApnIMPV9CEO2hBAAQYPMMrvDnSeXHenY9Fa8kpZo7hD5zPHxkEjYc=</latexit>

(a)

(b)

(0,1)
<latexit sha1_base64="CgHqJlYjL9oz5mznh2EBtfHeopE=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BFuhgpSkFz1JwYvHCvYDmlA22027dLMJuxMhlP4NLx4U8eqf8ea/cdvmoK0PBh7vzTAzL0gE1+g431ZhY3Nre6e4W9rbPzg8Kh+fdHScKsraNBax6gVEM8ElayNHwXqJYiQKBOsGk7u5331iSvNYPmKWMD8iI8lDTgkayavWnCuPyxCzy+qgXHHqzgL2OnFzUoEcrUH5yxvGNI2YRCqI1n3XSdCfEoWcCjYrealmCaETMmJ9QyWJmPani5tn9oVRhnYYK1MS7YX6e2JKIq2zKDCdEcGxXvXm4n9eP8Xwxp9ymaTIJF0uClNhY2zPA7CHXDGKIjOEUMXNrTYdE0UomphKJgR39eV10mnUXafuPjQqzds8jiKcwTnUwIVraMI9tKANFBJ4hld4s1LrxXq3PpatBSufOYU/sD5/ABzvkGc=</latexit><latexit sha1_base64="CgHqJlYjL9oz5mznh2EBtfHeopE=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BFuhgpSkFz1JwYvHCvYDmlA22027dLMJuxMhlP4NLx4U8eqf8ea/cdvmoK0PBh7vzTAzL0gE1+g431ZhY3Nre6e4W9rbPzg8Kh+fdHScKsraNBax6gVEM8ElayNHwXqJYiQKBOsGk7u5331iSvNYPmKWMD8iI8lDTgkayavWnCuPyxCzy+qgXHHqzgL2OnFzUoEcrUH5yxvGNI2YRCqI1n3XSdCfEoWcCjYrealmCaETMmJ9QyWJmPani5tn9oVRhnYYK1MS7YX6e2JKIq2zKDCdEcGxXvXm4n9eP8Xwxp9ymaTIJF0uClNhY2zPA7CHXDGKIjOEUMXNrTYdE0UomphKJgR39eV10mnUXafuPjQqzds8jiKcwTnUwIVraMI9tKANFBJ4hld4s1LrxXq3PpatBSufOYU/sD5/ABzvkGc=</latexit><latexit sha1_base64="CgHqJlYjL9oz5mznh2EBtfHeopE=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BFuhgpSkFz1JwYvHCvYDmlA22027dLMJuxMhlP4NLx4U8eqf8ea/cdvmoK0PBh7vzTAzL0gE1+g431ZhY3Nre6e4W9rbPzg8Kh+fdHScKsraNBax6gVEM8ElayNHwXqJYiQKBOsGk7u5331iSvNYPmKWMD8iI8lDTgkayavWnCuPyxCzy+qgXHHqzgL2OnFzUoEcrUH5yxvGNI2YRCqI1n3XSdCfEoWcCjYrealmCaETMmJ9QyWJmPani5tn9oVRhnYYK1MS7YX6e2JKIq2zKDCdEcGxXvXm4n9eP8Xwxp9ymaTIJF0uClNhY2zPA7CHXDGKIjOEUMXNrTYdE0UomphKJgR39eV10mnUXafuPjQqzds8jiKcwTnUwIVraMI9tKANFBJ4hld4s1LrxXq3PpatBSufOYU/sD5/ABzvkGc=</latexit><latexit sha1_base64="CgHqJlYjL9oz5mznh2EBtfHeopE=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BFuhgpSkFz1JwYvHCvYDmlA22027dLMJuxMhlP4NLx4U8eqf8ea/cdvmoK0PBh7vzTAzL0gE1+g431ZhY3Nre6e4W9rbPzg8Kh+fdHScKsraNBax6gVEM8ElayNHwXqJYiQKBOsGk7u5331iSvNYPmKWMD8iI8lDTgkayavWnCuPyxCzy+qgXHHqzgL2OnFzUoEcrUH5yxvGNI2YRCqI1n3XSdCfEoWcCjYrealmCaETMmJ9QyWJmPani5tn9oVRhnYYK1MS7YX6e2JKIq2zKDCdEcGxXvXm4n9eP8Xwxp9ymaTIJF0uClNhY2zPA7CHXDGKIjOEUMXNrTYdE0UomphKJgR39eV10mnUXafuPjQqzds8jiKcwTnUwIVraMI9tKANFBJ4hld4s1LrxXq3PpatBSufOYU/sD5/ABzvkGc=</latexit>

(0, 2.5)
<latexit sha1_base64="nAyqzhExQclZqHq5o+e9ClkdLJ8=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CbZCBVl2C6InKXjxWMF+SLuUbJptQ5PskmSFUvorvHhQxKs/x5v/xrTdg7Y+GHi8N8PMvDDhTBvP+3Zya+sbm1v57cLO7t7+QfHwqKnjVBHaIDGPVTvEmnImacMww2k7URSLkNNWOLqd+a0nqjSL5YMZJzQQeCBZxAg2VnosV7yLqnt5Xu4VS57rzYFWiZ+REmSo94pf3X5MUkGlIRxr3fG9xAQTrAwjnE4L3VTTBJMRHtCOpRILqoPJ/OApOrNKH0WxsiUNmqu/JyZYaD0Woe0U2Az1sjcT//M6qYmugwmTSWqoJItFUcqRidHse9RnihLDx5Zgopi9FZEhVpgYm1HBhuAvv7xKmlXX91z/vlqq3WRx5OEETqECPlxBDe6gDg0gIOAZXuHNUc6L8+58LFpzTjZzDH/gfP4AsUuOWA==</latexit><latexit sha1_base64="nAyqzhExQclZqHq5o+e9ClkdLJ8=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CbZCBVl2C6InKXjxWMF+SLuUbJptQ5PskmSFUvorvHhQxKs/x5v/xrTdg7Y+GHi8N8PMvDDhTBvP+3Zya+sbm1v57cLO7t7+QfHwqKnjVBHaIDGPVTvEmnImacMww2k7URSLkNNWOLqd+a0nqjSL5YMZJzQQeCBZxAg2VnosV7yLqnt5Xu4VS57rzYFWiZ+REmSo94pf3X5MUkGlIRxr3fG9xAQTrAwjnE4L3VTTBJMRHtCOpRILqoPJ/OApOrNKH0WxsiUNmqu/JyZYaD0Woe0U2Az1sjcT//M6qYmugwmTSWqoJItFUcqRidHse9RnihLDx5Zgopi9FZEhVpgYm1HBhuAvv7xKmlXX91z/vlqq3WRx5OEETqECPlxBDe6gDg0gIOAZXuHNUc6L8+58LFpzTjZzDH/gfP4AsUuOWA==</latexit><latexit sha1_base64="nAyqzhExQclZqHq5o+e9ClkdLJ8=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CbZCBVl2C6InKXjxWMF+SLuUbJptQ5PskmSFUvorvHhQxKs/x5v/xrTdg7Y+GHi8N8PMvDDhTBvP+3Zya+sbm1v57cLO7t7+QfHwqKnjVBHaIDGPVTvEmnImacMww2k7URSLkNNWOLqd+a0nqjSL5YMZJzQQeCBZxAg2VnosV7yLqnt5Xu4VS57rzYFWiZ+REmSo94pf3X5MUkGlIRxr3fG9xAQTrAwjnE4L3VTTBJMRHtCOpRILqoPJ/OApOrNKH0WxsiUNmqu/JyZYaD0Woe0U2Az1sjcT//M6qYmugwmTSWqoJItFUcqRidHse9RnihLDx5Zgopi9FZEhVpgYm1HBhuAvv7xKmlXX91z/vlqq3WRx5OEETqECPlxBDe6gDg0gIOAZXuHNUc6L8+58LFpzTjZzDH/gfP4AsUuOWA==</latexit><latexit sha1_base64="nAyqzhExQclZqHq5o+e9ClkdLJ8=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CbZCBVl2C6InKXjxWMF+SLuUbJptQ5PskmSFUvorvHhQxKs/x5v/xrTdg7Y+GHi8N8PMvDDhTBvP+3Zya+sbm1v57cLO7t7+QfHwqKnjVBHaIDGPVTvEmnImacMww2k7URSLkNNWOLqd+a0nqjSL5YMZJzQQeCBZxAg2VnosV7yLqnt5Xu4VS57rzYFWiZ+REmSo94pf3X5MUkGlIRxr3fG9xAQTrAwjnE4L3VTTBJMRHtCOpRILqoPJ/OApOrNKH0WxsiUNmqu/JyZYaD0Woe0U2Az1sjcT//M6qYmugwmTSWqoJItFUcqRidHse9RnihLDx5Zgopi9FZEhVpgYm1HBhuAvv7xKmlXX91z/vlqq3WRx5OEETqECPlxBDe6gDg0gIOAZXuHNUc6L8+58LFpzTjZzDH/gfP4AsUuOWA==</latexit>

(0, 3)
<latexit sha1_base64="+EcPegRkt+rkXmCMfcvfzV/dAsI=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYCJEkLAbD3qSgBePEcwDkiXMTibJkNnZZaZXCEs+wosHRbz6Pd78GyfJHjSxoKGo6qa7K4ilMOi6387a+sbm1nZuJ7+7t39wWDg6bpoo0Yw3WCQj3Q6o4VIo3kCBkrdjzWkYSN4Kxnczv/XEtRGResRJzP2QDpUYCEbRSq1S2b28uij1CkW34s5BVomXkSJkqPcKX91+xJKQK2SSGtPx3Bj9lGoUTPJpvpsYHlM2pkPesVTRkBs/nZ87JedW6ZNBpG0pJHP190RKQ2MmYWA7Q4ojs+zNxP+8ToKDGz8VKk6QK7ZYNEgkwYjMfid9oTlDObGEMi3srYSNqKYMbUJ5G4K3/PIqaVYrnlvxHqrF2m0WRw5O4QzK4ME11OAe6tAABmN4hld4c2LnxXl3Phata042cwJ/4Hz+ANAsjeI=</latexit><latexit sha1_base64="+EcPegRkt+rkXmCMfcvfzV/dAsI=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYCJEkLAbD3qSgBePEcwDkiXMTibJkNnZZaZXCEs+wosHRbz6Pd78GyfJHjSxoKGo6qa7K4ilMOi6387a+sbm1nZuJ7+7t39wWDg6bpoo0Yw3WCQj3Q6o4VIo3kCBkrdjzWkYSN4Kxnczv/XEtRGResRJzP2QDpUYCEbRSq1S2b28uij1CkW34s5BVomXkSJkqPcKX91+xJKQK2SSGtPx3Bj9lGoUTPJpvpsYHlM2pkPesVTRkBs/nZ87JedW6ZNBpG0pJHP190RKQ2MmYWA7Q4ojs+zNxP+8ToKDGz8VKk6QK7ZYNEgkwYjMfid9oTlDObGEMi3srYSNqKYMbUJ5G4K3/PIqaVYrnlvxHqrF2m0WRw5O4QzK4ME11OAe6tAABmN4hld4c2LnxXl3Phata042cwJ/4Hz+ANAsjeI=</latexit><latexit sha1_base64="+EcPegRkt+rkXmCMfcvfzV/dAsI=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYCJEkLAbD3qSgBePEcwDkiXMTibJkNnZZaZXCEs+wosHRbz6Pd78GyfJHjSxoKGo6qa7K4ilMOi6387a+sbm1nZuJ7+7t39wWDg6bpoo0Yw3WCQj3Q6o4VIo3kCBkrdjzWkYSN4Kxnczv/XEtRGResRJzP2QDpUYCEbRSq1S2b28uij1CkW34s5BVomXkSJkqPcKX91+xJKQK2SSGtPx3Bj9lGoUTPJpvpsYHlM2pkPesVTRkBs/nZ87JedW6ZNBpG0pJHP190RKQ2MmYWA7Q4ojs+zNxP+8ToKDGz8VKk6QK7ZYNEgkwYjMfid9oTlDObGEMi3srYSNqKYMbUJ5G4K3/PIqaVYrnlvxHqrF2m0WRw5O4QzK4ME11OAe6tAABmN4hld4c2LnxXl3Phata042cwJ/4Hz+ANAsjeI=</latexit><latexit sha1_base64="+EcPegRkt+rkXmCMfcvfzV/dAsI=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYCJEkLAbD3qSgBePEcwDkiXMTibJkNnZZaZXCEs+wosHRbz6Pd78GyfJHjSxoKGo6qa7K4ilMOi6387a+sbm1nZuJ7+7t39wWDg6bpoo0Yw3WCQj3Q6o4VIo3kCBkrdjzWkYSN4Kxnczv/XEtRGResRJzP2QDpUYCEbRSq1S2b28uij1CkW34s5BVomXkSJkqPcKX91+xJKQK2SSGtPx3Bj9lGoUTPJpvpsYHlM2pkPesVTRkBs/nZ87JedW6ZNBpG0pJHP190RKQ2MmYWA7Q4ojs+zNxP+8ToKDGz8VKk6QK7ZYNEgkwYjMfid9oTlDObGEMi3srYSNqKYMbUJ5G4K3/PIqaVYrnlvxHqrF2m0WRw5O4QzK4ME11OAe6tAABmN4hld4c2LnxXl3Phata042cwJ/4Hz+ANAsjeI=</latexit>

(0, 3.2)
<latexit sha1_base64="Dwh2NnaH4C3sOheIQTPLkvIvZHk=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CbZCBVl260FPUvDisYL9kHYp2TTbhibZJckKpfRXePGgiFd/jjf/jWm7B219MPB4b4aZeWHCmTae9+3k1tY3Nrfy24Wd3b39g+LhUVPHqSK0QWIeq3aINeVM0oZhhtN2oigWIaetcHQ781tPVGkWywczTmgg8ECyiBFsrPRYrngXl271vNwrljzXmwOtEj8jJchQ7xW/uv2YpIJKQzjWuuN7iQkmWBlGOJ0WuqmmCSYjPKAdSyUWVAeT+cFTdGaVPopiZUsaNFd/T0yw0HosQtspsBnqZW8m/ud1UhNdBxMmk9RQSRaLopQjE6PZ96jPFCWGjy3BRDF7KyJDrDAxNqOCDcFffnmVNKuu77n+fbVUu8niyMMJnEIFfLiCGtxBHRpAQMAzvMKbo5wX5935WLTmnGzmGP7A+fwBrkGOVg==</latexit><latexit sha1_base64="Dwh2NnaH4C3sOheIQTPLkvIvZHk=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CbZCBVl260FPUvDisYL9kHYp2TTbhibZJckKpfRXePGgiFd/jjf/jWm7B219MPB4b4aZeWHCmTae9+3k1tY3Nrfy24Wd3b39g+LhUVPHqSK0QWIeq3aINeVM0oZhhtN2oigWIaetcHQ781tPVGkWywczTmgg8ECyiBFsrPRYrngXl271vNwrljzXmwOtEj8jJchQ7xW/uv2YpIJKQzjWuuN7iQkmWBlGOJ0WuqmmCSYjPKAdSyUWVAeT+cFTdGaVPopiZUsaNFd/T0yw0HosQtspsBnqZW8m/ud1UhNdBxMmk9RQSRaLopQjE6PZ96jPFCWGjy3BRDF7KyJDrDAxNqOCDcFffnmVNKuu77n+fbVUu8niyMMJnEIFfLiCGtxBHRpAQMAzvMKbo5wX5935WLTmnGzmGP7A+fwBrkGOVg==</latexit><latexit sha1_base64="Dwh2NnaH4C3sOheIQTPLkvIvZHk=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CbZCBVl260FPUvDisYL9kHYp2TTbhibZJckKpfRXePGgiFd/jjf/jWm7B219MPB4b4aZeWHCmTae9+3k1tY3Nrfy24Wd3b39g+LhUVPHqSK0QWIeq3aINeVM0oZhhtN2oigWIaetcHQ781tPVGkWywczTmgg8ECyiBFsrPRYrngXl271vNwrljzXmwOtEj8jJchQ7xW/uv2YpIJKQzjWuuN7iQkmWBlGOJ0WuqmmCSYjPKAdSyUWVAeT+cFTdGaVPopiZUsaNFd/T0yw0HosQtspsBnqZW8m/ud1UhNdBxMmk9RQSRaLopQjE6PZ96jPFCWGjy3BRDF7KyJDrDAxNqOCDcFffnmVNKuu77n+fbVUu8niyMMJnEIFfLiCGtxBHRpAQMAzvMKbo5wX5935WLTmnGzmGP7A+fwBrkGOVg==</latexit><latexit sha1_base64="Dwh2NnaH4C3sOheIQTPLkvIvZHk=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CbZCBVl260FPUvDisYL9kHYp2TTbhibZJckKpfRXePGgiFd/jjf/jWm7B219MPB4b4aZeWHCmTae9+3k1tY3Nrfy24Wd3b39g+LhUVPHqSK0QWIeq3aINeVM0oZhhtN2oigWIaetcHQ781tPVGkWywczTmgg8ECyiBFsrPRYrngXl271vNwrljzXmwOtEj8jJchQ7xW/uv2YpIJKQzjWuuN7iQkmWBlGOJ0WuqmmCSYjPKAdSyUWVAeT+cFTdGaVPopiZUsaNFd/T0yw0HosQtspsBnqZW8m/ud1UhNdBxMmk9RQSRaLopQjE6PZ96jPFCWGjy3BRDF7KyJDrDAxNqOCDcFffnmVNKuu77n+fbVUu8niyMMJnEIFfLiCGtxBHRpAQMAzvMKbo5wX5935WLTmnGzmGP7A+fwBrkGOVg==</latexit>

(0, 3.7)
<latexit sha1_base64="ieS9dAEj6Som9k0t8F5EDSRHJzs=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CbZCBSm79VBPUvDisYL9kHYp2TTbhibZJckKZemv8OJBEa/+HG/+G9N2D1p9MPB4b4aZeUHMmTau++Xk1tY3Nrfy24Wd3b39g+LhUVtHiSK0RSIeqW6ANeVM0pZhhtNurCgWAaedYHIz9zuPVGkWyXszjakv8EiykBFsrPRQrrgXl9X6eXlQLLlVdwH0l3gZKUGG5qD42R9GJBFUGsKx1j3PjY2fYmUY4XRW6CeaxphM8Ij2LJVYUO2ni4Nn6MwqQxRGypY0aKH+nEix0HoqAtspsBnrVW8u/uf1EhNe+SmTcWKoJMtFYcKRidD8ezRkihLDp5Zgopi9FZExVpgYm1HBhuCtvvyXtGtVz616d7VS4zqLIw8ncAoV8KAODbiFJrSAgIAneIFXRznPzpvzvmzNOdnMMfyC8/ENtd+OWw==</latexit><latexit sha1_base64="ieS9dAEj6Som9k0t8F5EDSRHJzs=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CbZCBSm79VBPUvDisYL9kHYp2TTbhibZJckKZemv8OJBEa/+HG/+G9N2D1p9MPB4b4aZeUHMmTau++Xk1tY3Nrfy24Wd3b39g+LhUVtHiSK0RSIeqW6ANeVM0pZhhtNurCgWAaedYHIz9zuPVGkWyXszjakv8EiykBFsrPRQrrgXl9X6eXlQLLlVdwH0l3gZKUGG5qD42R9GJBFUGsKx1j3PjY2fYmUY4XRW6CeaxphM8Ij2LJVYUO2ni4Nn6MwqQxRGypY0aKH+nEix0HoqAtspsBnrVW8u/uf1EhNe+SmTcWKoJMtFYcKRidD8ezRkihLDp5Zgopi9FZExVpgYm1HBhuCtvvyXtGtVz616d7VS4zqLIw8ncAoV8KAODbiFJrSAgIAneIFXRznPzpvzvmzNOdnMMfyC8/ENtd+OWw==</latexit><latexit sha1_base64="ieS9dAEj6Som9k0t8F5EDSRHJzs=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CbZCBSm79VBPUvDisYL9kHYp2TTbhibZJckKZemv8OJBEa/+HG/+G9N2D1p9MPB4b4aZeUHMmTau++Xk1tY3Nrfy24Wd3b39g+LhUVtHiSK0RSIeqW6ANeVM0pZhhtNurCgWAaedYHIz9zuPVGkWyXszjakv8EiykBFsrPRQrrgXl9X6eXlQLLlVdwH0l3gZKUGG5qD42R9GJBFUGsKx1j3PjY2fYmUY4XRW6CeaxphM8Ij2LJVYUO2ni4Nn6MwqQxRGypY0aKH+nEix0HoqAtspsBnrVW8u/uf1EhNe+SmTcWKoJMtFYcKRidD8ezRkihLDp5Zgopi9FZExVpgYm1HBhuCtvvyXtGtVz616d7VS4zqLIw8ncAoV8KAODbiFJrSAgIAneIFXRznPzpvzvmzNOdnMMfyC8/ENtd+OWw==</latexit><latexit sha1_base64="ieS9dAEj6Som9k0t8F5EDSRHJzs=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CbZCBSm79VBPUvDisYL9kHYp2TTbhibZJckKZemv8OJBEa/+HG/+G9N2D1p9MPB4b4aZeUHMmTau++Xk1tY3Nrfy24Wd3b39g+LhUVtHiSK0RSIeqW6ANeVM0pZhhtNurCgWAaedYHIz9zuPVGkWyXszjakv8EiykBFsrPRQrrgXl9X6eXlQLLlVdwH0l3gZKUGG5qD42R9GJBFUGsKx1j3PjY2fYmUY4XRW6CeaxphM8Ij2LJVYUO2ni4Nn6MwqQxRGypY0aKH+nEix0HoqAtspsBnrVW8u/uf1EhNe+SmTcWKoJMtFYcKRidD8ezRkihLDp5Zgopi9FZExVpgYm1HBhuCtvvyXtGtVz616d7VS4zqLIw8ncAoV8KAODbiFJrSAgIAneIFXRznPzpvzvmzNOdnMMfyC8/ENtd+OWw==</latexit>

(4.2, 5.6)
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(c) (d)

(e)

Fig. 1: Left (a)-(c): computing persistent homology of a point cloud in R2. (a) A nested
sequence of topological spaces formed by unions of balls at increasing parameter values.
(b) A sequence of simplicial complexes that captures the same topological information
as in (a). (c) 0- and 1-dimensional persistence diagrams (the purple point) combined.
Right (d)-(e): transform a persistence diagram (d) to a persistence landscape (e).

Persistence Landscape. Persistence landscape (PL) [4] transforms a persis-
tence diagram to a sequence of piece-wise linear functions. Informally, these func-
tions are obtained by first changing the coordinates of points (b, d) to ((b+d)/2,
(d − b)/2), and then stacking isosceles triangles from each point in the trans-
formed space such that the length of their bases equals the persistence of the
point. These piece-wise linear functions can then be sampled uniformly to ob-
tain a discrete vector representation. See Fig. 1 (right) for an example, where
functions λ1 and λ2 form a PL.
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Persistence Images. Persistence images (PI) [2] is another way of transforming
persistent diagrams to representations that can be easily vectorized. Informally,
they can be thought of as heatmaps, generated from a weighted sum of Gaussians
centered at each point (b, p) where b is birth and p = d− b is the persistence of
a feature in the persistence diagram.
Kernels. Persistence landscapes and persistence images are vector representa-
tions that can be used readily in learning algorithms such as SVM under an
L2 metric. To interface persistence diagrams with kernel-based learning, we use
kernels defined on persistence diagrams proposed in recent work, namely the
persistence scale-space kernel [17], the persistence weighted Gaussian kernel [13],
the sliced Wasserstein kernel [7] and the persistence Fisher kernel [14], denoted
as KS , KG, KW and KF respectively. For mathematical formulations, see the
supplementary material.

(a) (b) (c) (d) (e)

Fig. 2: Different representations of topological features derived from a correlation ma-
trix (a): (b) persistence diagrams; (c) persistence landscapes of 1-dimensional features;
(d)-(e) persistence images of 0- and 1-dimensional features.

3 Methods

Data. The ABIDE dataset [5,8] consists of resting state fMRI brain scans from
16 different imaging sites. We use Craddock 200 (CC200) data set, where the
imaging data is first preprocessed using the Configurable Pipeline for Analysis
of Connectomes (CPAC) and then the mean blood oxygenation level dependent
(BOLD) signals for 200 regions of interest (ROIs) are extracted. After filtering
for missing and invalid data, it contains 1035 subjects, of which 505 are ASD
patients and 530 are TDC (typically developing control subjects). We also use
Craddock 400 (CC400) generated using the same procedure as CC200 but has
400 ROIs instead.

For each subject, we compute the Pearson correlation between the BOLD
signals for all pairs of ROIs, resulting in an n× n correlation matrix M , where
n = 200 for CC200 and n = 400 for CC400. We then map M to a point cloud
X in a metric space: each ROI is mapped to a point; and the distance between
two points is defined as dX(x, y) =

√
1−M(x, y). We compute PD0 and PD1,

persistence diagrams in 0 and 1 dimension, respectively.
Classification with correlation features. A correlation feature vector is ob-
tained by flattening the lower triangular part (below the diagonal) of the cor-
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relation matrix, resulting in a vector of length n(n− 1)/2. Correlation features
are naturally equipped with a Euclidean (L2 distance) metric.

We use three models to perform classification with correlation features alone.
We use scikit-learn [16] for SVM and RF implementations. For both models,
parameter estimation is done using grid search. For SVM (SVMCorr): we use a
linear SVM (a linear kernel in our setting is shown to outperform other kernels);
a tunable parameter controls the trade-off between misclassification and margin
size. For RF (RFCorr): we use 500 trees, each of maximum depth of 5; tunable
parameters include the number of trees and the tree depth. For NN (NNCorr):
we train a fully connected NN with 3, 5 and 7 layers with ReLU activation. We
apply a p = 0.5 probability dropout and batch normalization for regularization.
The network is trained by optimizing the cross entropy loss using Stochastic
Gradient Descent (SGD) with Nesterov momentum. For all NN, we chose a
learning rate r = 0.1 and momentum τ = 0.9 and train for 200 epochs.

Classification with topological features. Encoding topological information
alone can offer alternative perspectives on classification. Since persistence im-
ages and persistence landscapes can be easily vectorized, they interface with
SVM, RF and NN in a straightforward way. We use Python Persim package
for persistence images; we use images of dimension 200 × 200 and 0 spread. We
use sklearn tda [6] Python package to compute persistence landscapes of order
1 through 5 sampled at 2000 discrete points. For persistence diagrams, we use
persistence scale-space kernel [17] KS to make them suitable for kernel SVM
(SVMPD). To interface persistence diagram with NN (NNPD), we use the ap-
proach of Hofer et al. [12]. The key idea is to construct a projection layer (defined
independently for PD0 and PD1) on top of a NN architecture that takes as in-
put a persistence diagram, defines a projection with respect to a collection of
structure elements encoding persistence, and outputs an n-dimensional vector.
For more details, see the supplementary material.
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Fig. 3: A NN architecture that combines correlation and topological features.
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Classification with combined features. Finally, we propose and train hybrid
classifiers using both correlation and topological features. For SVM, we combine
both features using a linear combination of kernels [18]. In terms of PD, for
instance, the combined kernels are given by: KPD+Corr = w0KPD0 +w1KPD1 +
(1 − w0 − w1)KCorr where w0, w1 ≥ 0 and w0 + w1 ≤ 1. The tunable weight
parameters are estimated using grid search.

KPD0
and KPD1

are kernels on PD0 and PD1; we experiment with four
different kernels mentioned in Sec. 2. KCorr denotes the kernel on correlation
features. For correlation features, persistence images and persistence landscapes,
a kernel is simply the Euclidean dot product between the feature vectors. We
also propose a hybrid NN architecture (NNPD+Corr) as shown in Fig. 3 to
leverage both correlation and topological features. As described in Sec. 2 and [12],
two independent projection layers are defined for PD0 and PD1 respectively,
each is independently projected onto an n-dimensional vector. Together with
a correlation feature vector, these three vectors are independently processed
through several fully connected layers of NN in parallel and the outputs are
then concatenated to form a single long vector. The final layer is a softmax
which takes this concatenated vector as input and generates binary class labels
(ASD vs TDC). We train this network by minimizing the cross entropy loss
over the training set. The number of intermediate fully connected layers in the
network varies and we report results for 3, 5 and 7 layers in Sec. 4.

4 Results

We experiment with various classification models using correlation features,
topological features, and their combinations. We summarize performance mea-
surements in Fig. 4 for CC200 and CC400. All results are obtained by running
a 5-fold stratified cross-validation scheme where we report the mean classifica-
tion accuracy over all folds. For abbreviations: Corr means using correlation
features; PD, PI and PL denote persistence diagrams, persistence images and
persistence landscapes, where kernel SVM interfaces with PD via persistence
scale space kernel; NN5PD+Corr means NN 5-layer hybrid model combining
correlation with topological features from PD, see the supplementary material
for implementation details and additional results. Our main experimental results
are as follows. First, our proposed NN 3-layer hybrid models that combine cor-
relation with topological features have the highest mean classification accuracy
(Fig. 4, bold and red entries). Adding more layers leads to a decrease in classi-
fication accuracy - this may be due to the fact that more layers lead to a larger
number of learnable parameters which are hard to train with a relatively small
training data. Second, NN with correlation features and NN hybrid models with
combined features provide a significant improvement in test accuracy over SVM
and RF (Fig. 5). Third, three representations of topological features (PD, PI and
PL) have similar performance (Fig. 4); same is true for kernel SVM models using
four different kernels (Fig. 5 right). Finally, the improvement due to topological
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Fig. 4: Mean classification accuracy using various classifiers and feature combinations.

Fig. 5: Left: the statistical significance of improvements in classification accuracy, com-
paring each row method against each column method, captured by p-values. Right:
mean accuracy for kernel SVM with different topological kernels.

features is not always statistically significant (Fig. 5 left), especially comparing
NN hybrid models against NN with correlation features.

We use permutation tests to determine the statistical significance of the im-
provement shown in Fig. 4. The test statistic we use is the difference in accuracy
of predictions from two models (Accuracymodel1 - Accuracymodel2). Since the
number of labels is too large to compute all possible permutations, we estimate
the p-values using a Monte-Carlo approximation with 100, 000 samples. In each
permutation, we perform random pairwise swaps of labels predicted by model1
and model2 for the subjects and compute the new test statistic. The p-value is
the fraction of samples where the test statistic of the permuted labels is greater
than the test statistic for the original labels. For fully connected NN and hybrid
NN models, adding layers reduces accuracy of classification, hence we report the
p-values for 3 layer models only. The results are shown in Fig. 5 (left), which con-
tains p-values that capture statistical significance of improvement in accuracy,
by comparing each row method with each column method.
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5 Discussion

Our goal is to explore the utility of topological features in the classification of
autism. We observe modest improvement in classification accuracy using hybrid
models that combine topological and correlation features; it shows that there
is information not conveyed in correlations themselves. However, our results
combined with the ones reported by others [1,11,15] lead us to conjecture that
70% might be the best classification accuracy any model can achieve on the
entire ABIDE data set. Noise in the data and heterogeneity across multiple
sites are only part of the reason behind the relatively low classification accuracy.
ABIDE data consists of rs-fMRI scans acquired with low temporal resolution
and short acquisitions sequences (≤ 10 min/subject) with relatively poor single
subject reliability. It is possible that the added advantage of topological features
could become much more important if the image acquisition strategy included
lower-noise, longer-duration acquisitions. There is a very wide developmental
age range in the ABIDE data, which also contributes to the challenge. Perhaps
age is not a linear factor in considering topological features, and performance
might be better in samples with narrower age range. Finally, autism itself is a
markedly heterogeneous disorder. Grouping patients under a single label may
not be as powerful as one that can discriminate subsets of patients. So high
diagnostic accuracy may not be as important as subphenotyping different sets
of patients who may have different treatment needs. Topological features may
provide a deeper insight into subtyping in autism.
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