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Neural Network Example

Figure 1: Neural Network

1. This is a classification problem where each set of input can either be class
1/2/3. Hence we have 3 neurons in the final layer. If the input belongs
to class 1 then the expected output would be [1,0,0] if class =2 output =
0,1,0] ,if class 3 then [0,0,1].

2. (a) Weights in the neural network are represented as wé . Where j - is the
neuron from which the line starts in layer [ — 1 and k - is the neuron
on which the line ends at [ layer.

(b) For example,w?; tells us that the weight is associated with the line
which shows connection from the first neuron in layer 1 and ends at
the first neuron in layer 2.



(¢) This notation is different from the one seen in the class where all the
nodes were named with alphabets and the weight for the link from
the first neuron A in layer 1 to first neuron D in layer 2 was written
as wap here it is written as wi;.

(d) If we were two convert the exisiting notation to one used in class if
would be w;, 4,

3. This neural network has 3 inputs(3 features), one hidden layer and one
output layer

4. The hidden layer has 3 neurons and each neuron is connected to all the
three inputs and bias term (bias not shown in the image)

The activation function used in hidden layer is SIGMOID
The output layer has SOFTMAX activation.https : //en.wikipedia.org/wiki/Softmax junction
The loss function used for this neural network is CROSS-ENTROPY

The layer-1 counsists of [a1, ag, as]
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The layer-2 consists of [l1,ls, I3]

DERIVATIVES

Sigmoid = 1/(1 + &™)
/(1 + 7))
ox
dSigmoid
ox

=1/(1+e™)x1-1(1+ e_x)*
= Sigmoid x (1 — Sigmoicd

Derivative of Sigmoid

n
Softmax = €% I(E eha) = e" /(e + e + &8

a=1

d(Sof tmax)

= (e X (e2 +e7))/(e" +e™2 +e" )1
ax]

Derivative of Softmax



FORWARD PROPAGATION

Inputs: [i1 i2 i3] =[0.1 0.2 0.7]
Actual Outputs : [y1 y2 wys3]=[1 0 0]
Layer 1: Neuron 1

21 = wiyiy + wiyis + wiiis + bl

Z1 = 1.5

ay = sigmoid(z1)
_ 1

ar = 1+exp(—z1)

a1 = 0.8175

Layer 1: Neuron 2
29 = w%zil + U}%Qig + w§2i3 + b%

zZ9 = 1.41

as = sigmoid(za)
_ 1

Gz = 1+exp(—2z2)

az = 0.8037

Layer 1: Neuron 3
z3 = w%3i1 + ’LU%3Z'2 + wégig + b%

ag = sigmoid(zs)
_ 1

az = 1+exp(—z3)

a3 = 0.8519

Applying SOFTMAX ACTIVATION in the last layer
Layer 2 Neuron 1
01 = w?a; + w3 az +wiaz + b?

01 = 1.7488

I, = ?’ewp(m)
S (o)

1y =0.2143

Layer 2: Neuron 2
09 = wiyay + wiyas + wi,az + b3

02 = 2.0599

ly = 3?9617(02)
S exon

lo = 0.2926

Layer 2: Neuron 3
03 = wiza; + w3izas + wisaz + b3

03 = 2.5814(1 )

lo = —cxplos)
T (o)
I3 = 0.492



LOSS FUNCTION

Cross-Entropy Loss E for each output neuron is given by :
E = ylog(l) + (1 = y)log(1 — 1)

Total loss is given by:
E =[E, + E; + E3]

Ey = yilog(lh) + (1 — y1)log(1l — 1) = log(0.2143) = -1.540

Es = yolog(le) + (1 — y2)log(1 — l3) = log(1-0.2926) = -0.3461

E5 = y3log(l3) + (1 — y3)log(1 — I3) = log(1-0.4929) = -0.6790
3

B = =3 lyidoglie) + (1~ yi)log(1 ~ 1)
i=1

E = (—1.540) + (—0.3461) + (—0.6790) = —2.56514

BACK PROPAGATION
Layer -2 For weight - w?:

B, _ 0B, ol bo,
Swi 6l o1 dw

First Term:
6E1 o & 1-— Y1

ol L, 1-1,

y1 = 1 Hence the equation becomes :

0E 1

S L
Second Term:
6l exp(or)[exp(o2) + exp(o3)]

2
b1 [0, eap(o;)]
Third Term:
dor Slwiiar + w3iaz + wiaz + b3)
6w%1 B 6w%l

Everything is constant with respect to w?;. Hence the derivative is just the

coefficient of w?
501

= a/l
2
dwiy

Combining all the results from all 3 terms:

0By _ 1 explor)lexp(oz) + explos)]
owi; L [Z:;:l ex]o(oi)]2



SE
- = 0.6421
dwiy

The weight w?; does not contribute to the loss function of the second and third
neuron hence the loss Eo and E3 will not be affected by the change in w?

0By, O3
6w%1 B 5wf1

=0

Therefore,
0E  O0E; 0Es 0E3
w2, dw?  Swi o dw?

0E  O0FE;

2 T 53
dwy, dwi,

= 0.6421

Following the same steps for the remaining weights,
For weight - w2,:

(5E1 o (SEl 5[1 501

swZ, bl doy dw?,
B
sly I

dli_ exp(o1)[exp(o2) + exp(03)]

dor [ eap(on)]
(501

5w§1

0B,  OF;3
Swi w3,
0E  OE;
owyy  dws,

:a2

=0

= 0.6313

For weight - w?,:
5E1 _ (SEl (511 (501

swZ, bl doy dw?,
w1
S I

dli exp(o1)[exp(o2) + exp(03)]

I eaplo)

(502
502

= a3
2
dwsy

0E,  O0Fs3 0
5w§1 o 5w§1 o



For weight - w,:

Y2

o

oF oF
— = —5 = 0.6691
owsg,  dwsgy
0F, 0E3
Swi,  dwi,
5B, _ 682 by don
Swiy,  6ly Sog Swi,

0By, -1
Oy (1—1)
oy _ explos)eap(or) + eap(0y)]
0, S eap(on))
(502 o
Swi, “
—1  exp(o2)[exp(o1) + exp(o3)]

2
dwiy

For weight w3,

SE

2
dwss

For weight w3,

)

(I=b) % caplon)

—1  exp(o2)[exp(o1) + exp(o3)]
(I=b) % caplon)’

-1  exp(oz)lexp(o1) + exp(os)]

2
Ow3y

For weight wfg

o

(1—12) 2 eycp(oi)]2

—1  exp(os)[exp(o1) + exp(02)]

2
dwis

For weight w3,

(T=ls) (22, eaplon)

OF _ —1 exp(os)[exp(o1) + exp(02)]
owiy  (1=1s) 55 eap(o)]

For weight w3,
SE _ —1 cap(og)[eap(o1) + cap(op)]
dwiz  (1—13) [Z‘?:l exp(oi)]2

a; = —0.2391

as = —0.2350

as = —0.2491

a1 = —0.4027

as = —0.3959

az = —0.4197



Layer 1 :

For weight w1,
(SEl - (SEl 5l1 501 (Sal (521

Swh 61y 60y day 0z dwiy

The first two terms are same as calculated earlier. For the third term we have :

dor Slwiiay + w3 as + w3 as + b3 5

= =w
5&1 5&1 1

For fourth term we need to calculate the derivative of the sigmoid activation.

0
% = sigmoid(z)(1 — sigmoid(z)) = a1 (1 — a)
Z1
Last term,
621 (5[711%12.1 + w%lig + wélig + bﬂ .
1= 1 =u
dwyy dwiy
Therefore,

5B, 1
v _ Leaploylexplos) +eaplos)] 2\ (q i — 000117

dwy; L 23, eap(o)]”
Similarly,
OBy _ 0By ol oy b 524
Swl, — 6ly Sog Say 621 Swly
(?fi 1 :1l2 ezp(oigzxp(:;) +-€3;p(03)] wiyai (1 — ay)iy = —0.00174
i—1€xp(0;)]
3By _ 0Ey ol doy b 524
Swi,  6l3 doz da; 621 Swly
0B  —1 exp(o3)[exp(or) + exp(o2)]

2 .
= w13a1(1 — al)zl = —0.005880
who 1=l 2D eaplo)”
Adding the three derivatives of E1, Eo and E3

E
6—1 = —0.00645
dwiy
Similarly this can extended for other weights in layer 1.
For weight w1,

0F1  0E1 dly 601 0as 620 1 exp(or)[exp(oz) + eQEp(o?,)]w2 0> (1—as)ix = 0.003717
. 21 - =0.

Swi, " 8ly 01 Say bz dwiy A [2?21 el‘p(oi)f

E E -1

§ > _ 0B, 6ly 603 Say 5zf _ exp(oz)[exp(o1) + eﬂgp("?’”w;@a_a?)il 000323
5w12 5l2 (502 (50,2 52’2 5w12 1-— lg [Z?:l 61’]7(01)}



0B  0Ej3 0l3 603 daz Oz —1 exp(osz)[exp(o1) + exp(o2)]

Swiy  6ly S0z dag 620 Swl, 113 2 emp(oi)]Q
Adding the three derivatives of Fy, Fs and Fj3

)
1

ow

12

= —0.001063

For weight w1,

0Ey  0E; 6ly 60y das dz3 lexp(ol)[exp(OQ) + exp(o3)]

Swl;  8ly oy daz dz3 Swly 1y [2?21 ea:p(oi)]2

6Ey _ 6Ep dly doy bag 0z3  —1 exp(oz)[exp(o1) + exp(os)]
dwis  bly dog das dz3 dwly  1—1y [Z?:l exp(oi)]Q

6E3 _ 6E3 0l3 doz dag dz3  —1 exp(oz)lexp(o1) + exp(oz)]
Swis  6ly Soz daz 623 Swly; 1 —13 [2?21 exp(oi)]Q

Adding the three derivatives of E1, Fs and E3

oE

Swt

13

= —0.0013171

For weight wi,,

0Fy  0F; dly 601 day 6z lexp(ol)[ea:p(OQ) + ea:p(03)]w2

ai

Swl, 6l So1 day 621 Swl, Iy [Z:is:l exp(oi)]z 11
OBy _ 0B; 0lp bop dar 621 —1 exp(oz)lexp(o1) + exp(os)]
dwi, 8ly o9 6ay 621 dwly  1—1y [Z?:l exp(oi)]z
OBs _ 0B5 0l3 03 0a1 21 —1 exp(os)lexp(or) + exp(02)]
Swi, 8l3 o3 bay 621 dwl,  1—13 [Zle emp(oi)]g

Adding the three derivatives of F;, Fs and Fj

oFE

—F = —0.0129
Swi,

For weight wi,,

0Ey  0Ey dly 601 day 620 legcp(ol)[e:rp(OQ) + exp(o3)]

wisaz(1—ag)i; = —0.00155

w3 a3(1—az)iy = 0.004955

U)2

2 as(1—az)i, = —0.0007381

wisaz(1—az)i; = —0.005534

(1—aq)iz = 0.002343

2

w?,a; (1—ay)is = —0.003491

wizai(1—ay)is = —0.01176

w3 ag(1—ag)ia = 0.007435

wiyag(1—az)ia = —0.00646

wisas(1—ag)is = —0.003109

Swl, 6l S0y dag 6z Swly, Iy [2?21 ea:p(o,»)]Q

OBy _ 0B dlp dog dag 6zp _ —1 exp(os)[eap(or) + exp(03)]
dwi,  bly dog dag 0z9 dwl, 11—l [Z?:l exp(oi)]z
OBy _ 0B3 0l3 doz day 625 —1 exp(os)lexp(o1) + exp(oz)]
dwly,  Ol3 dozdag 629 dwl, 1—13 [2?21 exp(oi)]Q



Adding the three derivatives of E1, Fo and Ej3

oF
dwssg
For weight wi,,

0B, _ 0By 0y b0y dag dz3 _ 1 eap(o1)lexp(0s) + ezp(os)] - as(1—as)is = 0.002123
_— == 31 - Y

Swiy;  8ly o1 Saz dzz dwly, 1y [Zle exp(oi)]z

oF 0F5 d0ly dos dag 6 -1 :

OFy _ 0% 02 002 005 025 _ cxp(o2)lexp(or) + e”gp(of’”wgzagu—ag)iz — —0.001476
w3y 0ly dog bag 6z3 dwygs 1 —1Io [Z§:1 exp(0;)]

0F 0Fs3 0l3 doz dag 6 -1

OFy _ 0B 0ls 005 005 025 _ exp(og) explor) + eﬁp(oﬂ]wgg)ag(kag)@ — —0.01118
dwss  Olz dog dag 0z3 dwys 1 —1I3 [Z§:1 exp(0;)]

Adding the three derivatives of E1, Fs and Ej3

oF
1

= —0.010533
owyg

For weight wi,,

E E 1
0F, . 0Fq 0ly do1 day 0z . 7613])(01)[6.1‘])(02) + 6$p(03)]w%1a1(1_a1)i3 — 0.0082065

5w§1 " 8ly 601 6aq 62 5w§1 A [Z?:1 e:z:p(o,;)]2

FE E -1
§ > _ 0B, 6ly d0g Say (szi _ exp(02)lexp(o1) +ex2p(03)]wf2a1(1—a1)1'3 001221
5w31 5l2 (502 (50,1 52’1 (511.)31 1-— lg [2?21 61’[)(01)}

E E -1
6713 _ 0E;3 dl3 dos day (5,2% _ exp(oz)[exp(or) + e$2p(02)]w%3a1(1_a1)i3 — _0.04116
dws, 0lz dos bay 621 dwsy 1-15 [Zi;:l exp(0;)]

Adding the three derivatives of E1, Fo and Ej3

oE

——— = —0.04516
dwi,

For weight wi,,

0E1  OE1 dly 601 day dzo 1 exp(o1)[exp(o2) + ezp(03)]w2 a5 (1—as)is = 0.02602
- 21 - =0

Swi, 6l So1 Sag 6z Swly, Iy [Z:is:l ezvp(oi)]z
oFE 0F5 8ly 609 day 6 -1
5712 _ 0B dly dop day Zf _ exp(oz)[exp(o1) + ex2p(o3)]w§2a2(1ia2)i3 — _0.02261
W30 5l2 (502 6&2 (522 6’[1)32 1-— 12 [Z?:l exp(oi)]
E E -1
6713 _ 573%5&@ 62'? _ exp(oz)[exp(or) + eﬁgp(02)]w§3a2(1_a2)13 — _0.01080
(5'1032 (5l3 (503 5&2 522 (5’[1)32 1-— lg [Z?:l 61’])(01)}



Adding the three derivatives of E1, Fo and Ej3

E

OB = —0.00738
dws,

For weight wi,,

(SEl - (5E1 (5[1 (501 (5(13 (523

1 exp(o1)[exp(oz) + exp(o3)]

w31a3(1—a3)i3 = 0.03468

wiyaz(1—az)is = —0.0051668

2,a3(1—az)iz = —0.03916

5w§3 511 (501 5(13 523 (511):%3 B ll [Z§:1 exp(oi)]z

OBy _ 0B 0l dop dag 0z3 _ —1 exp(o)[eap(or) + exp(03)]
dwi,  bly dog daz dz3 dwi;  1—1y 2 emp(oi)]g

0E3 _ 0Ej3 0l3 do3 dag 0z3 _  —1 exp(oz)[exp(or) + exp(oz)]w
5w§3 513 (503 5&3 523 511)%3 1-— lg [Z:;:l exp(Oi)f

Adding the three derivatives of E1, Fo and Ej3

(;;i) = —0.009646
Weights Updates Weights
wiy “5 1 = 0.20645 w},
Wiy w%z :“5 T = = 0.301063 wi,
Wiy Wiy — ,u§ — = 0.501317 wi,
wiy wi — ,u5 T = = 0.30129 w3,
w3y Wl — ,u5 - = 0.502134 w3,
wis Wiy — M5 — = 0.7010553 w3,
wiy wi — ,u5 — = 0.604516 w3,
wisy wiy — ,u5 - = = 0.40738 w3,
wis wis — ,u5 = = 0.809646 w3,

For bias terms Layer 2 :
b
oF - (SEl 5l1 501

802~ 61y boy 0b2

Updates
w3 — u5 E = —0.5421
wiy — M(;wé = 0.6391
wis — “570 = 1.2027
w3, — 1“5 L — 03313
w3y — /zé 52 = 0.935
w3y — uM = 0.5959
wi; — ,u§ L — —0.1691
wiy — uﬁ; = 0.4491
wiy — ,u5 7 = = 1.3197

First two terms are same as calculated in the first step of back propagation

For the last term:

while calculating 5’;]1;
11

dor Slw}iar + w3iaz + wiaz + b?]

= = =1
502 502

10



All terms are constant with respect to b2. And Es, E3 are not affected by the
change is b7 hence the derivatives are zero.

0E _ 0E1 6l 1 exp(o1)[exp(oz) + exp(o3)]

ob _ om0 = 0.7855
o2 ol do1 I S22 exp(o;)

Similarly for b3 and b% we get
OB 9By 0l | _—1 exploa)lexplol) +explos)] _ ) g0
002~ Oly b0y  1—1Iy S exp(o;) '
OE _ 0B ol _ _—1 eap(os)lexp(or) + exp(0z)] _ ) 4oor
6b2 ~ 6l3 dog  1—1I3 S22 exp(o;)

For bias terms Layer 1 :

by
5£ _ 0FEy 0ly 601 6ay 621 0E3 0ly 602 6ay 621 0E3 0l3 oz day 6z

All the terms in each of the derivatives for E1, F5 and E3 except the last term
have already been calculated.

For the last term:
ou _
5oL
Therefore now we have ,
oE i
5ol

For b},

OF o 5E1 (Sll (501 (5&2 5Z2 6E2 (Slg (502 (5@2 (52:2 (5E3 (5[3 (503 5@2 (52’2

8bL 61y oy bag bz 6bL ' 6ly oy bag bz 6bL ' Sl o3 dag bz ObL

(522 -
@ =
Therefore,
o8
@ =
For b3,

OF - §E1 (Sll 501 60,3 (523 6E2 612 502 (5a3 (523 6E3 6[3 (503 5&3 62’3

b1 = Bl d01 5a3 62 OBL | Olp S0z 8az 623 OBL | 0l S03 da 823 OO

(52’3
1
ol
Therefore,
oF

o

11



Bias | Updates
bi | b —pg
by | b3 — pg

1 1 )
b3 by — KseT

REFERENCES

Updates
b? — piE =0.2145
b3 — u% = 1.2925
b3 — ugTE; = 1.49827

1. https://medium.com/@14prakash /back-propagation-is-very-simple-who-made-

it-complicated-97b794c97ebc

2. https://www.edureka.co/blog/backpropagation/

NOTE

1. The notations in this example are different from that followed in the class,if
any doubts please email me and Prof.Sameer.

2. If you find any calculation mistake in the solution here please let me know.

3. All logarithms are to the base ’e’
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